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Abstract. Let J® J stand for the Fubini-type product of o-ideals J,J C P(R).
We consider mixed measure-category o-ideals M @ N and N ®@ M (called the
Mendez o-ideals), and study some features of their structure. We show that
M@N and N®M are not invariant with respect to nonzero rotations. Using
Fremlin’s results, we describe nice Borel bases of M @ N, N@ M, {0} ® N and
{0} ® M. The rest of the paper is devoted to uniform versions of the Nikodym
theorem and the Lusin theorem for Borel functions of two variables.

1. Some o-ideals on the plane

The monograph of Oxtoby [15] presents several similarities and differ-
ences between two families of small subsets of the real line that form o-ideals:
the family N of Lebesgue null sets (i.e. sets of Lebesgue measure zero) and the
family M of meager sets (i.e. sets of the first Baire category). Oxtoby contin-
ues these studies for the o-algebras associated with N and M (they consist of
Lebesgue measurable sets and of sets with the Baire property, respectively)
and real-valued functions measurable with respect to these o-algebras. The
analogous investigations can be conducted for subsets of R? or R* with k > 2.
Interesting properties arise when one examines small sections of small plane
sets — this leads to the theorems of Fubini and of Kuratowski and Ulam.

A new idea appears when one considers plane sets whose almost all sec-
tions in one sense are small. Families (in fact o-ideals) of such plane sets
fulfilling the “Fubini-type mixed condition” were investigated by Mendez
[13], [14]. These objects have some interesting properties and applications;
see e.g. [6], [7], [8], [9], [2], [3], [4]. We show that detailed studies of the
structure of the Mendez o-ideals yield new properties of plane Borel sets and
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Borel functions of two variables. Some results of [8] and [1] are included, we
derive from them several consequences. We also consider nice bases of the o-
ideals of plane sets whose all sections are meager (of measure zero), and we
establish related consequences for Borel functions.

Let N={1,2,...}. By A we denote the operation of symmetric difference
of sets, and by A\ (respectively, Ax) — the one-dimensional (k-dimensional)
Lebesgue measure. Throghout the paper X will stand for R or any non-
degenerate subinterval of R. The o-algebra of all Borel subsets of X? will
be written as B. For a o-ideal § C P(X) and a set B C X2, we denote
®y(B) :={x e X: B(z)¢J} where B(z):={ye€ X: (z,y) € B} is the
section of B generated by x € X. For a function f: X? - R and = € X,
we put fz(y) == f(z,y), y € X. If J,J C P(X) are o-ideals, we define

J©d:={ACX*: (3BeB)(AC Band ®y(B) €J) }.

This is a o-ideal of subsets of X2. In particular, N ® N and M ® M pro-
duce exactly the o-ideals of Lebesgue null sets and of meager sets in X?2,
cf. [15, Chs. 14 and 15]. If we do not use a Borel cover B in the defini-
tion of J ® g, some patological sets appear in N @ N and in M ® M (cf. [15,
Theorems 14.4 and 15.5], [17, Section 4]), and thus we would obtain essen-
tially larger o-ideals. The mixed product o-ideals M ® N and N ® M will be
called the Mendez o-ideals. We also study the o-ideals N* := {(}} @ N and
M* = {0} ® M; they were considered for instance in [6].

Let us quote two important properties of the Mendez o-ideals. From the
first one it follows that these o-ideals are mutually incomparable (with re-
spect to inclusion) and also incomparable with M @ M and N ® N. Namely,
Mendez [13] observed that if A, B are disjoint Borel sets such that AU B
=X, AeM, B €N (the celebrated decomposition of the interval X into
two small sets, cf. [15, Theorem 1.6]) then A x X e M@N, Bx X e N@M
and C e MoM)N(NON),De (M N)N(N®M) where C := (A x B)
U(BxA), D:=(AxA)U(Bx B). This yields the new decompositions
(Ax X)U(B x X) and CU D of X? into two small sets. The second prop-
erty is due to Fremlin [7, 8G(a)] and it says that any disjoint family of Borel
subsets of X2 that are not in N ® M (respectively, M ® N) is countable. This
is the so called countable chain condition useful in several kinds of investiga-
tions.

We will show that the Mendez o-ideals on R? are not invariant under
nonzero rotations. This answers a question of T. Natkaniec (oral communi-
cation). In fact we will obtain a more general result.

THEOREM 1. Let J and J be o-ideals of subsets of R such that J is invari-
ant with respect to affine mappings, J is invariant with respect to translations,
and there is a Borel set in I\ J. Then for each oo € (0,7/2] there is a Borel
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set B € 1®J such that po(E) € I® J where o, stands for the rotation of R?
by angle a around the point (0,0).

PRrOOF. Fix a Borel set D € J\ J and an angle a € (0,7/2]. Let D* :=
pry (cp,a({O} X D)) where pr; is the projection onto the first axis. If « = 7/2
then D* = D, and if a € (0,7/2) then D* is the image of D under the re-
spective affine function from R to R. Hence D* is Borel and D* € J. Put
E:=D*xR. Then E € J®J. Consider E* := ¢,(FE). Observe that E* is
the union of all straight lines parallel to y = x tan (7/2 — «) and intersect-
ing {0} x D. Hence each section E*(z), z € R, is of the form D + ¢ for some
t € R. So, by the assumption, E*(z) ¢ J. Hence E* ¢J®g. O

In Section 2 we give a survey of regularity properties of o-ideals N @ M,
M*, M@N and N*. We apply them (in Sections 3 and 4) to discuss uniform
and almost-uniform versions of Nikodym-type and Lusin-type theorems for
sections of a Borel function of two variables.

2. Regularity properties

In this section we collect some known results concerning the structure
of M* and N*, and of the Mendez o-ideals. It is a simple observation that
every Lebesgue null set is contained in a Lebesgue null set of type G5, and
every meager set is contained in a meager set of type F,. For a o-ideal J, a
subfamily F C J is called a base of J if for every A € J we can find B € F such
that A C B. By definition, every set A from N ® M is contained in a Borel
set B from this o-ideal. But of which (possibly low) Borel level is B? This
will be derived from Proposition 2. Thus we will describe a nice Borel base
of N ® M. In general, by a nice base of a o-ideal J on the plane we mean a
base of J consisting of Borel sets of possibly low level or consisting of Borel
sets whose sections are of possibly low level.

We need the following result due to Fremlin. By cl(-) we denote the
closure operation in X?2.

PRrOPOSITION 2 (cf. [8], 3F). The o-ideal N @ M is generated by the
family

{CxX:CeNyu{DcC X?%: (Va € X)(cI D)(x) is nowhere dense} .

COROLLARY 3. For each set A € N ®@ M there exist a set C € N (of type
Gs) and an F, set F C X? with meager sections such that A C (C x X)UF.
Another question is whether a Borel subset of X2 can differ (with respect
to the symmetric difference) from a Borel set, of a possibly low Borel level,

by a set from N ® M. (This question, in the case of the difference by a null
set or by a meager set, has an easy answer, via the known characterization
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of the Lebesgue measurable sets and the definition of sets with the Baire
property, cf. [15, Chs. 3 and 4].)

PROPOSITION 4 [1, Proposition 2.1]. For every Borel set B C X? and a
fized base (Uy), ey of open subsets of X, there is a sequence (Fy,),cy of Fo
subsets of X such that BAJ, cy(Fn x Up) € N@ M.

PROOF. (Sketch.) We have ®y¢(B) =, ey An where A, :={z € X :
Un\ B(z) € M}, ne€N. The sets A,, n €N, are Borel [11, 22.22]. For
each n € N choose an F, set F,, C A, such that A(A,\ F,) =0. Put
By := U, en(Fn X Uy). We have (B, \ B)(z) € M for each x € X. It remains
to show that B\ B, € N® M. To this end consider A := (J, cn(A4n \ Fy) be-
longing to N. Next observe that (B \ By)(x) € M foreachz € X\ A. O

COROLLARY 5. For every Borel set B C X? there are an Fy set D C X?
and C € N such that B C (C x X)UD and (D\ B)(x) € M for each x €
X\C.

PRrROOF. By Proposition 4 we find open sets U,, C X, n € N, and F, sets
F, ¢ X, n €N, such that for B, := J,,cn(Fn X Uy) we have BAB, € N® M.
By Corollary 3 we can choose a set C € N and an F, set ' C X? with meager
sections such that BAB, C (C x X)UF. Put D := B,UF. Then D is as
desired (observe that (D \ B)(x) C F(x) foreach x € X\ C). O

An equivalent formulation of Corollary 5 with an inner approximation of
B can be obtained when we apply Corollary 5 to X \ B and then consider
complements. Namely, we then find a G5 set £ C X? and C € N such that
((X\C)x X)NECBand (B\E)(z) €M for eachz € X\ C.

By the definition of M*, each set from M* can be covered by a Borel set
D C X? such that each section D(x), x € X, is meager. However, M* does
not have a base that consists of Borel sets of a bounded level (see [6, p. 565]).
On the other hand, Fremlin established a nice base of M*. His result was
included to [5].

PROPOSITION 6 [5, Lemma 1.7]. (a) For each set A € M* there is a Borel
set F' D A with all sections meager of type Fy.

(b) For every Borel set B C X? there is a Borel set W C X? such that
for each x € X, W(x) is open and BAW € M*.

We have been informed that Proposition 6(a) can be also derived from
a general result of Hillard [10]. Next let us consider nice bases of M ®@ N
and N*.

PROPOSITION 7 [1, Lemma 2.3]. Let B C X2 be a Borel set. The follow-
ing property holds:

(%) for every e > 0 there exist an open set G C X? and a set C € M such
that B C (C x X)UG and A\((G\ B)(z)) <€ for eachxz € X\ C.
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PROOF. (Sketch.) Taking into account the hierarchies £9, II%, o < wy,
of Borel sets it suffices to show three facts: property () holds for

e every open set B C X?;

® B = U, e B provided it holds for Borel sets By,, m € N;

® B =(),,cny Bm provided it holds for Borel sets By,, m € N, such that

Bpt1 C By, for all m € N. O

COROLLARY 8. For every Borel set B C X? there exist a G set D C X?
and C € M such that B C (C x X)UD and (D\ B)(x) €N for each x €
X\C.

We can also describe a nice base of M ®@ N.

COROLLARY 9. For each set A € M ®N there exist a set C € M (of type

F,) and a Gs set D C X? with Lebesgue null sections such that A C (C x X)
ub.

To obtain a nice base for N* we can follow a similar scheme. In fact, this
was done by Fremlin in his result included in [5].

PROPOSITION 10 [5, Lemma 1.7]. Let B C X? be a Borel set. Then for
every € > 0 there is a Borel set G C X? such that B C G and for each x € X,
G(z) is open with \((G\ B)(z)) Se.

COROLLARY 11. For each set A € N* there is a Borel set H D A with all
sections of type Gs and of measure zero.

Note that N* does not have a base that consists of Borel sets of a bounded

level (see [6, p. 565]).

3. Uniform versions of the Nikodym theorem

The Nikodym theorem (cf. [15, Theorem 8.1], [12, §32, II], [11, 8.38])
states that every real-valued function with the Baire property, defined on a
Polish space, while restricted to some residual set, is continuous. Consider a
Borel function f : X2 — R. Then all its sections f, are Borel measurable. By
the Nikodym theorem, each section f, restricted to a residual subset A, of X
is continuous and we may assume that A, is of type Gs. We ask whether all
or almost all residual sets A, can be chosen as the sections B(x) of the same
set B C X2 of type G5. A similar question is asked when we derive from the
Lusin theorem that the sections f,, x € X, restricted to sets of big measure
are continuous (this question is discussed in the next section). The phrase
“almost all” will be meant in the sense of the o-ideals M, N and M N'N.

PROPOSITION 12. Let f: X? — R have the Baire property. Then there
exist an F, set F C X? and C € M such that F(z) € M for all z € X \ C
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and f|(((X \C) x X) \F) is continuous. In particular, fy| (X \ F(x)) is
continuous for all x € X \ C.
PROOF. By the Nikodym theorem pick an F, meager set F' C X? such

that the restriction f|(X?\ F) is continuous. Next, using the Kuratowski—
Ulam theorem pick a set C' € M such that F/(z) € M for allz € X \ C. Plainly

f|(((X\C)><X) \F) is continuous. O

It is natural to ask whether, for a Borel function f: X? — R, the above
statement remains true if “C’ € M” is replaced by “C' € N”. We do not know
an answer if the continuity of f | (((X \C)x X))\ F ) is required. However,
the answer is “yes” if we require only the continuity of all sections fx‘ (X

\ F(z)), z € X\ C. A real-valued function on a metric space is called Borel

measurable of class 1 if all its preimages of open sets are of type F, in the
domain, or equivalently, if it is a pointwise limit of a sequence of continuous
functions.

THEOREM 13. Let f: X? — R be a Borel function. Then there is a set
D € N®M such that h := f|(X?\ D) is Borel measurable of class 1 with N-

almost all sections h, continuous. Moreover, there exist an F, set F C X?
and C € N such that F(z) € M for allx € X\ C, and g := f|(((X\C) x X)
\F) is Borel measurable of class 1 with g, = fm| (X \ F(x)) continuous for
allz e X\ C.

PROOF. Let (Vin), ey and (Up,),,cn be bases of open sets in R and in X,

respectively. Then using Proposition 4 to the sets By, := f~!(V;,) for each
m € N, we find sequences (Fiun),cn, m € N, of F,; subsets of X such that

Dy := By A | (Fon x Un) € N@M.
neN

Then D :=J,,eny Dm € N ® M. By Corollary 5 we find an F, set F C X?
and C' € N such that D C (C x X)U F and F(x) € M for each z € X \ C.

To prove that h is Borel measurable of class 1 we will show that the
preimage h~1(V},,) is of type F, in X2\ D for each m € N. This implies
that ¢g~!(V;n) is of type F, in dom(g) € X2\ D, and so g would be Borel
measurable of class 1. Thus fix m € N. Then

f 7 (Vi) = B = | (Frin X Un) AD.
neN

Consequently, A= (V) = f71(Vin) \ D = U,en(Frmn X Up) \ D is of type F,
in X2\ D.
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Now, fix z € X \ C. We will prove the continuity of h, = fm’ (X \ D(z))
(since D(x) C F(x), this implies the continuity of g, = fz| (X \ F(x))). For
a fixed m € N we have

hy'(Vin) = 5 (Vin) \ D(2) = B (x) \ D(z)

= <Dm(x)A U (Fon x Un)(x)>\D(m) = J{Un: 2 € Frun, n € N}\ D(z)

neN

and this set is open in X \ D(z). O
We can connect Proposition 12 with Theorem 13 to obtain the respective
result for sections f, of a Borel function f: X2 — R where an exceptional
set C'is in M NN but F' has a bit more complicated Borel structure.
COROLLARY 14. Let f: X% — R be a Borel function. Then there exist
a set C € MNN and a Borel set F C (X \C)x X (of type F,s and Gs,)
such that for all z € X \ C, the section F(x) is meager of type F, and fw‘ (X

\ F(z)) is continuous.

PRrROOF. By Proposition 12, pick an F, set F; C X2 and a set C; € M
such that Fi(z) € M and f,| (X \ Fi(z)) is continuous for each z € X \ C1.
Next, by Theorem 13, pick an F, set F» C X2 and a set Cy € N such that
Fy(z) € M and f,| (X \ Fa(x)) is continuous for each z € X \ Co. We may
enlarge C'1 and C to be of types F, and Gy, respectively. Put C := C1 N Cy
and

F:=(Fn((X\C1)xX))U(Fn((Ci1\C) x X)).

Clearly C e MNN and F C (X \ C) x X. It is not hard to check that F' is
of type Fy5 and Gs,. Fix x € X\ C. If x € X \ Cy then F(z) = Fi(z), and
if v € C1 \ Cy then F(x) = Fy(x). So, the assertion follows. [

We do not know whether we can use F' of type F, in this corollary. An-
other question is how much we can decrease an exceptional set C. More
precisely, we do not know how much thinner a o-ideal J can be used with
C € 7. If we want F' to be a Borel set of bounded level with meager sections
for all = ¢ C, the following theorem shows that the trivial o-ideal 3 = {0} is
bad.

THEOREM 15. Let 2 < o < wy. There is a Borel function f: X?> — R
such that for every set F in the Borel class £°(X?) with F(x) € M for all
z € X we can find xg € X such that fy,| (X \ F(zo)) is not continuous.

PROOF. We follow some ideas from [6, Lemma 2.3]. Let U € £% (X3) be
a universal set for £9(X?), cf. [11, 22.3]. Put A:= {(z,y) € X?: (z,z,y)
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¢U}. Then A € % (X?). For each F € £2(X?) we can find z € X such
that F' = U(x), hence

F(z)= (U(z)) (z) =U(z,z) = X \ A(z).

Put B:={z € X : A(z) ZM}. Then B is a Borel set ([11, 22.22]). By [11,
18.6] applied with the o-ideal M we can find a Borel function g: B — X
with g(z) € A(z) for all # € B. Let f: X? — R stand for the characteris-
tic function of the graph of g. Let F € £9(X?) and F(x) € M for all z € X.
Pick zp € X such that F(z9) = X \ A(zp). Then z¢p € B. Suppose that
h:= fao| (X \ F(x0)) is continuous. Then h(g(xo)) =1 and h(y) =0 for
the remaining y € X \ F(xg). Hence g(xg) should be an isolated point of
X\ F(xg) = A(xo) which is impossible since A(zg) is residual in X. O
On the other hand, we have the following positive result

THEOREM 16. Let f : X? — R be a Borel function. Then there is a Borel
set F C X? such that F(z) € M, F(z) is of type Fy, and fo| (X \ F(z)) is
continuous for all x € X.

PROOF. Let (Viy),,en be a base of open sets in R. Put By, := f~(Vy),
m € N. By Proposition 6(b) it follows that for every Borel set B,, we can
find a Borel set W, C X2 such that for each x € X, W,,(x) is open and
A € M* where Ay, = B AWy, Put A= J,,cny Am- It is easy to show
that f,| (X \ A(z)) is continuous for all € X (cf. [15, Theorem 8.1]). By
Proposition 6(a) pick a Borel set F' O A with all sections meager of type Fj.
Then f,| (X \ F(z)) is continuous for all z € X. O

4. Uniform versions of the Lusin theorem

Let us start with the following observation.

PROPOSITION 17. Let f: X% — R be a Borel function. Then for every
e > 0 there exist open sets G C X? and C C X such that f‘(((X \C) x X)
\G) is continuous, A(C) < e and \(G(z)) <€ forallz € X\ C.

PROOF. By the Lusin theorem (cf. [15, Theorem 8.2], [11, 17.12]), for
e >0 pick an open set G C X2 such that \y(G) < e? and f|(X?\G) is
continuous. Let C := {3: €X: AG() > E}. Then C is open (cf. [11,
22.25]). Plainly f‘(((X \C) x X) \G) is continuous and A(G(z)) < ¢ for
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all z € X \ C. To show that \(C) =< & we use the Fubini theorem and obtain

:/)\(G(x)) dx+/ MG(x)) dz = eM(©). D
C

x\C

We propose a modified version of Proposition 17 where an exceptional
set C' is meager. We extract a basic idea (method) contained in the proof of
Lusin’s theorem (cf. [15, Theorem 8.2]); this is formulated in the following
(rather obvious) lemma.

LEMMA 18. Let (Vin),,en e a base of open sets in R. For a measurable
function f: E — R defined on a measurable set E C R* let By, := = (Vin),
m € N. If for every m €N, G,, and G, C RF are open sets such that
By, C Gy and E '\ By, C G}, then for the open set G := J,,cn(Gm N Gyy,)
the restriction f|(E\ G) is continuous. Moreover, if € >0 and G,,, G}, are
chosen so that A\i(Gm \ Bi) < /2™ and M\ (GE, N Bp) < /2% for all
m € N, then A\y(G) S e.

THEOREM 19. Let f : X2 — R be a Borel function. Then for everye > 0
there is an open set G C X% and C € M such that f‘(((X\C) x X) \G) is

continuous and A\(G(z)) < e forallz € X\ C.

PROOF. Fix a countable base (V;;,),,cy of open sets in R. Put By, :=
1 (Vin), m €N, and apply Proposition 7 to every set B, with ¢/2m+1
We find an open set G,,, C X2 and a set C,, € M such that B, C (Cy, x
X)UGy, and A((Gp \ Bm)(2)) < e/2mF! for each o € X \ Cp,. When we
repeat it for X2\ B,,, we find an open set G, C X2 and a set C}, € M such
that X2\ By, C (Cy, x X) UG5, and A((G}, N Bp)(z)) < e/2™*! for each
re X\Cy. Put G:=J,cn(GmNGy,) and C = J,,en(Cm U Cyy,). Then
G is open and C' € M. Let X := (X \ C) x X. Applying the first assertion
of Lemma 18 to the function f|Xop we have that f|(Xo\ G) is continuous.
Then fix x € X \ C. Applying Lemma 18 to f, : X — R with B,,, G,,,, G,
G replaced by By (2), G(x), Gi, (%), G(z), we have A(G(z)) <e. O

COROLLARY 20. For every Borel function f : X% — R there is a set D €
M ®@ N such that f|(X?\ D) is Borel measurable of class 1.

PRrROOF. We apply Theorem 19 with ¢ := 1/k, k € N, and obtain C, € M
and an open set Gj, C X? such that gy, := f|(((X \ Ck) x X) \Gk) is con-
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tinuous and A(Gk(z)) < 1/k for all # € X\ Cy. Define C :=Jyen Ck,
G = (NgenGr and D := (C x X)UG. Then D € M ® N and

X\D=((X\CO)xX)\G= ] ((X\C)x X) \ G
keN

Since (X \C) x X) \ Gy is closed in X%\ D, we can (by the Tietze theorem)
extend g to a continuous function fi : X2\ D — R. Then f;, — f|(X2\ D)
and so f|(X?\ D) is Borel measurable of class 1. [

We can connect Proposition 17 with Theorem 19 to obtain the following
analogue of Corollary 14 in which a set GG is of type G5 with open sections.

COROLLARY 21. Let f: X? — R be a Borel function. Then for every
e >0 there exist a set C € M of type F, with \(C) = e and a G5 set G
C (X \C) x X such that for all x € X \ C, the section G(x) is open with

MG(z)) S¢€ and f‘(((X\C) x X) \G) is continuous.

PRrROOF. By Proposition 17, pick open sets C; C X and G; C X? such
that \(C1) S e, f‘(((X \ () x X) \Gl) is continuous and A(Gi(z)) <e
for all x € X \ Cy. Next, by Theorem 13, pick an open set Go C X2 and a
set Cy € M of type Fi, such that f‘(((X \ () x X) \Gz) is continuous and
M Ga(z)) Seforallz € X\ Co. Put C:=C;NC; and

G:=(Gin((X\C1) x X)) U (G2 ((C1\ Ca) x X)).

Clearly C € M, A(C) = e,and G C (X \C) x X is a Gs set. Fixx € X \ C.
If z € X \ C; then G(z) = Gi(x), and if z € C; \ Ca then G(z) = Ga(z). So,
the assertion follows. O

Having Corollary 21, it is interesting to know how much one can decrease
an exceptional set C' when G is required merely Borel with open sections of
measure < . The answer is analogous to the respective fact obtained in the
category case. First we mimic the method applied in the proof of Theorem 15
to show that an exceptional set C, for the respectively chosen f and every G
of bounded Borel level with all sections of measure < &, should be nonempty.

THEOREM 22. Let 1 £ a < wy, X :=[0,1] and € :==1/2. There is a Borel
function f: X% — R such that for every set G € £9(X?) with A\(G(z)) < e
for all x € X there exists xo € X such that fx0| (X \ G(z0)) is not continu-
ous.

PROOF. Define a set A C X? as in the in the proof of Theorem 15. Put
B := {:U €eX: ANA(@@) 2 5}. Then B is a Borel set ([11, 22.25]). We will

define a Borel subset A* C A of positive measure with A*(z) dense in itself,
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for each z € B (in fact, each portion of A*(z), z € B, will be of positive
measure). This construction is due to Reclaw [16]. Fix a base (V,),cy of
open sets in X. Then every set

W i={ze X : A(AN(X x V) (x)) =0},

is Borel ([11, 22.25]). We claim that the Borel set A* := A\ |J,cn(Wn x V)
is as desired. Indeed, fix z € B and put M, := {n EN: AA(x)NV,) = O}.
By the definition of A* we have

A* (@)= A@@)\ | (VanA(z)) and )\< U VanA@ >

neMy neM,

Hence A(A*(z)) = A(A(z)) >0. Now, consider any set Vi, such that
Vi NA*(x) # 0. The case A(V;nNA(x)) = 0is impossible since then m € M,
Hence A(V;, NA(z)) > 0 and so A(V;, N A*(z)) > 0.

By [11, 18.6] applied with the o-ideal N we can find a Borel function
g: B — X with g(z) € A*(x) for all z € B. Let f: X? — R stand for the
characteristic function of the graph of g. Let G € £2(X?) be such that
MG(z)) Seforall z € X. Pick zp € X such that G(zo) = X \ A(zo). Then
M A(zo)) =1—A(G(w0)) Ze. Hence zy € B. Since A*(zp) is dense in it-
self, fy,|A*(20) is discontinuous at g(zo) and fy,|A(z0) = fao| (X \ G(20))
remains discontinuous at g(xp). O

In particular, from Theorem 22 (for o = 1) it follows that an exceptional
set C' in Proposition 17 can be nonempty. We also have the following positive
result.

THEOREM 23. Let f : X2 — R be a Borel function. Then for everye > 0
there is a Borel set G C X? such that G(z) is open, A\(G(z)) S € and f| (X

\ G(x)) is continuous for all z € X.

PROOF. Fix a countable base (Vi,),,cn of open sets in R. For every
m € N put B, := f~1(V,,), and by Proposition 10 pick Borel sets G,,, G,
C X2 such that B, C Gy, X\ By, C G:, and Gp(x), G (z) are open
with A((Gm \ Bm)(z)) < e/2m X((Gh,NBw)(z)) <e/2m forallz € X.
Since £, 1(Vy,) = B(x), we may apply Lemma 18 to f, for every fixed x € X.
Thus for G := |J,,cn(Gm N G},) we obtain the assertion. O
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