ON THE CONVERSE OF CARISTI’'S FIXED POINT
THEOREM
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ABSTRACT. Let X be a nonempty set of cardinality at most 280 and T'
be a self map of X. Our main theorem says that, if each periodic point
of T is a fixed point under T, and T has a fixed point, then there exist a
metric d on X and a lower semicontinuous map ¢ : X — R such that
d(z,Tz) < ¢(x)—¢(Tx) for all z € X and (X, d) is separable. Assuming
CH (the Continuum Hypothesis), we obtain that (X, d) is compact.

We denote Ry = [0,00), N={0,1,2,...} and Z = {£k : k € N}. Let X
be a nonempty set and let T': X — X be a selfmap. By FixT and PerT
we denote the set of all fixed and periodic points of T, respectively (i.e.,
FixT ={r € X :Ter =z} and PerT = {x € X : In € N (T"x = 2)}).
If FixT = PerT # (), the abstract dynamical system (X,T) is called a
C-system. If (X, 7) is a C-system and Fix 7" is a singleton, then it is called
a B-system. The following theorems show connections between B-systems
and Banach’s fixed point theorem, and between C-systems and Caristi’s [2]

fixed point theorem.

Theorem 1. (Bessaga [1]) Let (X, T) be a B-system and « € (0,1). Then

there exists a complete metric d on X such that
Ve,y € X d(Tz, Ty) < ad(x,y).

Theorem 2. (Janos [5]) Let (X,T) be a B-system of cardinality at most

2% and o € (0,1). Then there exists a separable metric d on X such that
Ve,y € X d(Tz, Ty) < ad(z,y).
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Theorem 3. (Jachymski [4]) Let (X, T) be a C-system. Then there exist a
complete metric d on X and a lower semicontinuous function ¢ : X — R
such that

(1) Ve e X d(z,Tx) < ¢p(x) — ¢(Tx).
Every a—contraction T satisfies (1) for ¢(x) = d(f’_—j;x) (for details see [3,

p. 16]). Since there exist non-continuous mappings fulfilling (1), the family
of all mappings for which (1) holds is essentially greater than the family of
all contractions. The next example shows that in R these two families have
even different cardinalities.

Example 1. Let B be a subset of R such that 0 € B. Consider a map
Tp : R — R given by

r ifx ¢ B,
Trs(x) =
5(@) {o if z € B.

and let ¢(x) = |z|, x € R. Then
Ve e X d(z, Tpz) < ¢(x) — ¢(Tpx).

We have T;'(0) = B. Since B is an arbitrary subset of real line, then
assuming that B is non—Borel (non—measurable, without the Baire property,
etc.) we obtain that T is non-Borel (non-measurable, without the Baire
property, etc.). This shows also that there are 92" maps Tz, but only 2%

contractions of R.

Janos [6, Theorem 4.6.] proved that there exists a B-system (X,7T) of
cardinality 2% such that there is no metric d on X which would be complete
separable and simultaneously 7" would be a Banach contraction relative
to d. This proof is unconstructive and it is based on the comparison of
cardinalities. We propose two constructive examples. Example 2 is simple

but it assumes ~CH. Example 3 shows a more involved construction in ZFC.

Example 2. Assume ~CH. Let X = 2% and let T'() equal w; if o < wy,
and 0 otherwise. Obviously (X,T) is a B-system. Since T '({w;}) is of
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cardinality w; < 2%, there cannot exist a complete separable metric d on X

such that 7" is a Banach contraction relative to d (see [7, Theorem 3.2.7]).

Example 3. Here we use notation from [7]. Fix A C P(N) of cardinality
2% Enumerate sets in A as {A, : a < 2%}, Put X = AU BU {0} where
A= [J (N x {0} x {a}) U (Aa x {1} x {a})),

a<2¥o
and
B ={(0,a):a < 2%},
Define T': X — X by T'(n,i,a) = (n—1,0,«) for n > 0, T(0,, ) = (0, ),
T(0,a) =0 and T(0) = 0. Then (X, T) is a B-system.

Suppose there exists a metric d on X such that (X,d) is a complete
separable metric space and T is a Banach contraction. Then X is a Polish
space and BU{0} = T~1({0}), as a closed subset of X is also Polish. Recall
that P(N) can be treated as the Cantor space C = {0, 1}N.

We have

HecA <+ IzcBH={n:3y,2€ X(y#z T"y=T""2=2)}).
Hence A is the projection into P(N) of the set
{(Hz) e PN)x B:H={n:3y,z€ X(y# 2 T" 'y =T""2=2)}} =
{(Hz):YneEN(neH < y,z2€X(y#z T"My=T""2=12))} =
ﬂ [({(H,z):n € HYU{(H,2) :Vy,z € X—(y # 2z, T" My =T""2=2)})Nn

neN

{(H,z):n¢ HYU{(H,z): Jy,2 € X(y # 2, T"y =T""2 = 2)})].
Notice that sets {(H,z) : n ¢ H} and {(H,x) : n € H} are clopen for all
n € N. Since {(H,z,y,2) € PN)x BxX?: =(y # z and Ty =T"z =
x)} is Borel, the set {(H,z) : Vy,z € X~(y # z, Ty = Tz = 2)} is
coanalytic and {(H,z) : Jy,z € X(y # z, T" "y = T""'z = x)} is analytic.

Hence
{(H,x) e PN)x B:H={n:3y,z€ X(y# 2 T"y=T""2=1)}}

is in the projective class L1(P(N) x B). Since class Y} is closed under
projections, A is in X3(P(N)).
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Consider a IT} set in P(N) which is not 33. (Some natural examples of
such sets are known. In [7, Exercise 37.15], an example of a ¥:1-complete
subset of the hyperspace K(C) of the Cantor space C, is given. Its com-
plement is ITi-complete, and it can be viewed as a subset of P(N) = C,
since IC(C) is homeomorphic to C.) Then we obtain a B-system (X,7") for
which there is no complete and separable metric d on X such that T is a

contraction.

By Or(z) we denote the orbit of point z in the sense of Kuratowski (i.e.,
Or(z) ={y € X : Im,n € N (T™z = T"y)}). A metric space is called
pre-compact if its completion is compact. Since a pre-compact space is a
subspace of compact space, it is separable.

Now, we shall prove our main result which is an analogue of Theorem 2

for C-systems.

Theorem 4. Let (X,T) be a C-system of cardinality at most 2. There
exist a pre-compact metric d on X and a lower semicontinuous function
¢ X — R (relative to d) such that

(2) Ve e X d(z,Tx) < ¢p(x) — ¢(Tx).

Proof. Fix g € FixT. Put A = {Op(z) : 2 € X}. Let A C X be a selector
of A, i.e. for all z € X the set AN Op(x) is a singleton. Let z € X \ {zo}.
Pick a € A such that x € Or(a). Let m = min{k € N: dn € N (T"z =
T*a)} and let n = min{k € N: (T"z = T™a)}. Put h(z) = n —m, and
h(zg) = —oc.
Since FixT = PerT, the map h : X — Z U {—oo} has the following
property:
Ve e X(z # Tx = h(z) > h(Tx)).
Let g : h Y ({k}) — [r /2" — 7 /212 7 /2IF + 7 /2IF+2] be a one-to-one
map, for every k € Z. Define G : X — C by
exp(—igr(x)) if x € h'({k}) and k <0,
G(z) = ¢ exp(igr(z)) ifz € h™'({k}) and k > 0,
1 if h(z) = —o0.



ON THE CONVERSE OF CARISTI’S FIXED POINT THEOREM 5
Next define ¢ : X — R by

(4+k)r ifzeh '({k}) and k > 0,
Po(x) =< 4r/2M if x € h~1({k}) and k <0,
0 if © = x.
Since G : X — C is one-to-one, we may consider X as a subspace of
{exp(iz) : x € [—m, 7|} with a metric given by the length of a shorter arc
joining two points.

Let z € X. We shall show that (1) holds.

Case 1. © = xy. Then Tzy = o and (1) obviously holds.

Case 2. k = h(z) <0 and = # xo. Then d(z,Tx) < (7/2k 4 7 /2/k+2)
and ¢(z) — ¢(Tw) = 4 /2l — 4 /2WH1 = 47 /2IF+1 = 7 /21F=1 " Hence (1)
holds.

Case 3. h(z) > 1. Then d(z,Tz) <7, ¢(x) — ¢(Tx) = m and (1) holds.

We now show that ¢ is lower semicontinuous. Let {x, },en be a sequence
of elements of X convergent to y € X.

Case 1. y = xy. Then ¢(z,) > 0, for all n € N, and ¢(y) = 0. Hence
o(y) < liminf 6(a).

Case 2. y # xy. Then there exists ny such that ¢(y) = ¢(z,,) for all
m > ng. Hence ¢(y) = lim ¢(x,). O

Under CH we can improve the assertion of Theorem 4.

Corollary 5. (CH) Let (X,T) be a C-system of cardinality at most 2%°.
There exist a metric d on X and a lower semicontinuous function ¢ : X —

R, (relative to this metric) such that
Ve e X d(z,Tx) < ¢(x) — ¢(Tx),
and (X, d) is compact and zero-dimensional.

Proof. Since (under CH) sets h~*({k}) are countable or of cardinality 2%
we may assume that for all k& € Z, g, is one-to-one function, whose range
is a countable compact or Cantor-like subset of [~ /2K 7 /2lF+1] " The

result follows. [

Example 4. Corollary 5 can not be improved to get a function ¢ which

is continuous even if (X, T) is B-system. To see this let X = NN and let
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aeX. Ifa=(0,0,0,...), then put T(a) = . If a # (0,0,0,...), then put
T(a) = («(0),a(1),...,c(n — 1),a(n) — 1,(n + 1), ...) where n = min{k €
N : a(k) > 0}. (X,T) is a B-system. Suppose that there exist a compact

metric d on X and a continuous function ¢ : X — R, such that
Ve € X d(z,Tx) < ¢(x) — ¢(Tx).

We shall define inductively a sequence o, & < w;y. Let ap = (0,0,0,...).
Assume that 0 < 7 < w; and that we have defined o, for all £ < v < wy,
with ¢(ae) < ¢(ay) for all &, n such that £ <np < . If y =n+1 and
o, = (ng, n1, ng, ...) then put o, = (ng+1, ny, no, ...). Since T'a, = Tev;, then
(o) < ¢(ay). If v is a limit ordinal, pick an increasing sequence {7, }nen
of ordinals less than ~, with (J{n, : n € N} = ~. By the compactness of
X we choose a convergent subsequence {ay, }ren of {ay, tnen. Let o =
limy o0 @y, . By inductive assumption and continuity of ¢ we easily obtain
that ¢(a,) < ¢(a,) for all n < v. Thus by transfinite induction we have
defined an uncountable and strictly increasing sequence {¢(a,) @ v < w1}

in R which yields a contradiction.

The following example shows that Theorem 2 cannot be improved to get
metric d being pre-compact.

Example 5. Let (X,T) be a B-system such that 7" is a surjection.
Suppose that there is a bounded metric d making 7" an a—contraction. Then
diam7"(X) < o diam X. Hence (7"(X) is a singleton, but since T is a
surjection we have (7™(X) = X, which is true only when X is singleton.

Since a pre-compact metric is bounded, d cannot be pre-compact.

Now, we give variants of Theorem 4 and Corollary 5 with slightly modified

assertions.

Theorem 6. Let (X,T) be a C-system of cardinality at most 2%. There
exist a separable metric d on X and a continuous function ¢ : X — R,
(relative to d) such that

Ve e X d(z,Tx) < ¢(x) — ¢(Tx).
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Proof. Let h: X — Z U {—o0} be a function defined as in Theorem 4. Let
gr - ht({k}) — [27F —27k=2 27k 4+ 27%=2] he a one-to-one map. Define
G:X —Rby

Glz) = gr(z) if z € h=t({k}),
0 if h(z) = —o0

and ¢ : X — Ry by

27F if x € h1({k}),
o(x) = .
0 ifh(z) = —o0.
Since G is one-to-one, we may consider X as a subspace of R with the

Euclidean metric. O

Corollary 7. (CH) Let (X,T) be a C-system of cardinality at most 2%°.
There exist a metric d on X and a continuous function ¢ : X — R, (relative
to this metric) such that

Ve e X d(z,Tx) < ¢p(x) — ¢(Tx),
and (X, d) is complete and zero-dimensional.
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