DESCRIPTIVE SET-THEORETICAL PROPERTIES OF AN
ABSTRACT DENSITY OPERATOR

SZYMON GLAB

ABSTRACT. Let IC(R) stand for the hyperspace of all nonempty compact sets on
the real line and let d*(z, E) denote the (right- or left-hand) Lebesgue density of a

measurable set F C R at a point z € R. In [3] it was proved that
{KeKR):Vze K(d"(z,K)=1ord (z,K)=1)}

is H}—complete. In this paper we define an abstract density operator D* and we

generalize the above result. Some applications are included.

In descriptive set theory the following phenomenon is known — several kinds of sets
with a simple description can have extremely high complexity, for example they can
be H}complete. Many classical examples of such sets can be found in the Kechris
monograph [5]. They appear naturally in topology, in the Banach spaces theory, the
theory of real functions, and in other branches of mathematics. Descriptive properties
of families of compact sets in the hyperspace of all nonempty compact sets have been
considered in many papers (see [7], [8] and [6]). Recently, the notion of porosity has
been studied from this point of view (see [3], [9], [12], [15]).

The motivation for this note comes from our previous paper [3] in which the oper-
ators of density and porosity are studied with the use of methods of descriptive set
theory. Namely, it is proved there that the family NBP of all nowhere bilaterally
porous compact sets forms a II}—complete subset of the space IC(R) of all nonempty
compact subsets of R with the Vietoris topology. In [3] it is remarked that an analogous
fact holds true for the operator of Lebesgue density. The both notions of porosity and
Lebesgue density show the local smallness (or largeness) of a set at a point. Lebesgue

density is a basic notion in classical measure theory and the theory of real functions
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(see [1]). Porosity measures the smallness of sets in normed spaces (or more generally
in metric spaces); see [13], [14].

In this paper we generalize the results of [3] to several kinds of densities and porosi-
ties on the real line. To do it we define an abstract density operator D* on the real

line, and we prove that
(1) {K e KMR):Vz e KD (K,z)=1o0or D (K,z) =1)}

is II} —complete.

The paper is organized as follows. In Section 1 we recall the preliminaries from
descriptive set theory. In Section 2 we define the operator D*, and we discuss the
meaning of each axiom defining D*. In Section 3 we prove the main theorem. In
Section 4 we give examples of density and porosity operators which fulfil the proposed

axioms, and in Section 5 we discuss the axiom (Ab5).

1. PRELIMINARIES

We use standard set-theoretic notation (see [5] or [10]). We denote N = {0, 1, ...}.
We use the symbol | - | in several different meanings: the absolute value of a real
number, the length of an interval, the length of a finite sequence and the cardinality
of a set. This will never lead to confusion. A topological space X is Polish if it is
completely metrizable and separable. From now on, let X be an uncountable Polish
space. A set A C X is analytic if it is a projection of a Borel set B C X x X (equivalent
definitions of an analytic set can be found in [5, 14.A]). A set C' C X is coanalytic if
X \ C is analytic. The classes of analytic and coanalytic sets are denoted by ¥! and
H}, respectively.

By K(X) we denote the hyperspace of all nonempty compact subsets of X, endowed
with the Vietoris topology, i.e. the topology generated by sets {K € K(X) : KNU #
0} and {K € K(X) : K C U} for any open sets U in X. The Vietoris topology is
equal to the topology generated by the Hausdorff metric

pu(K, L) = max(max p(z, L), max p(z, K))
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where p(x, K) is the distance from a point = to a set K with respect to the metric p
on X.

Let I be a point-class in the Borel or the projective hierarchies. We say that A C X
is I'~hard if for any zero-dimensional Polish space Y and any B € I'(Y') there exists
a continuous function f :Y — X such that f~1(A) = B. If additionally A € I'(X),
then we say that A is I'-complete. If in the above definition we change the condition
of the existence of a continuous function to the condition of the existence of a Borel
function with the same property, then we obtain the definition of a Borel-I'-complete
set. If I' is closed under the continuous preimages, then I'-complete sets are the most
complicated sets in a class I' — they belong to I' but they are not in any class below
I', for example a H%fcomplete set is not in 2%, and a ngcomplete set is not in Hg.

The most standard way to prove the I'-completeness of a given set B € I'(X) is
the following. We take a set A which is known to be I'-complete in some Polish space
Y. It is usually a set with a simple combinatorial structure, convenient to deal with.
Next, we find a continuous function f: Y — X with f~'(B) = A. Then it is easy to
see that B is I'-complete.

For a nonempty set A, by A<Y we denote the set of all finite sequences (together with
the empty sequence 0)) of elements from A. For a sequence s = (s(0), ..., s(n—1)) € A<N
and a € A by s"a we denote the sequence (s(0), ..., s(n — 1), a).

For s = (s(0),...,s(n—1)) € AN and 0 < m < n put |s| = n, sjm = (s(0), ..., s(m —
1)); additionally || = 0 and s|0 = 0. A set T C A<N is called a tree on A if the empty
sequence is in 7', and the following implication holds: s € T' = slk € T, for every
s € AN and every k < |s|. The set {z € AN : ¥n € N (2(0),z(1),...,z(n)) € T} of
all infinite branches of a tree T is called a body of T and is denoted by [T]. A tree T
is called well-founded if [T] = ), in other words, T' is well-founded if it has no infinite
branch. From now on we will consider only trees on N. A tree can be identified with
its characteristic function, hence we can identify the set of all trees T'r with a subset of
{0, 13N (this space as a countable product of discrete spaces {0,1} is homeomorphic
to the Cantor space). Since T'r is a G subset of {0, 1}N""| we will treat T as a Polish

space.
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Proposition 1. [5, 32.B] A set WF of all well-founded trees forms a II}-complete
subset of T'r.

Consider a subspace of Tr defined in the following way

Tr={TecTr:VseN"N vneN (sneT=VmeN smeT)}=

m m({TETrisAnﬁéT}U m{TETTISATTLGT}).

seN<NneN meN

Hence T is a Polish space as a closed subset of T'r. By W F denote the set WENTr.
Proposition 2. [3, Section 3] WF is a I} ~complete subset of Tr-.

2. DEFINITION OF D+

The operators of Lebesgue density and porosity are our start point to define an
abstract density operator. We will define a right-hand abstract density operator D™
and a left-hand abstract density operator D~ by a list of conditions we want them
to fulfil, called here the axioms. Using the symbol D¥ in a formula we mean that
something holds simultaneously for the right-hand and the left-hand abstract density
operator, simultaneously.

For a given x € R, the operator D¥ is defined on some family of Borel sets which
will be called the family of admissible sets at z, and denoted by A*(x). In the case
of Lebesgue density, the family of admissible sets consists of Borel sets for which the
density exists. Analogously, in the case of porosity. Usually, we will not define precisely
the family of admissible sets. The number D* (X, x) € [0, 1] is called a density of a set
X at a point z. Writing D* (X, x) we always mean that X is admissible.

One difference between Lebesgue density and porosity is that big sets with respect
to density have the density 1, but big sets with respect to porosity have the porosity

0. The following axiom is natural:
(A1) Vz € R(D*(R,z) = 1 and D*(), z) = 0).
The operators of density and porosity are monotonic and defined locally. These two

properties of D* are described by the following conditions
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(A2) Vx e RVX,)Y € A*(2) (X C Y = D¥(X,z) <DE(Y,2)).
(A3) Vx e RVX € AT (z) N A (x) Ve > 0 [DH(X,z) =D (X N (2,2 +¢),x) and
D™ (X,z) =D (X N(zx,z —¢),x)].
In particular, (A2) means that a superset of a set with D¥—density 1 has D*-density
1 (i.e. a superset of a set with D*—density 1 is admissible).
The next axiom states that we can construct a so-called interval set of D*—density
1. A construction of an interval set of density 1 is a useful tool for dealing with
different types of densities on the real line. Let sequences (a,), (b,) be such that
Vn € N(by11 < an, < b,) and z = lim,, o a,. An interval set of DT—density 1 at a
point x is a set of the form (J,,cy[@n, bn] with D™ (U, cnl@n, bn], ) = 1. Let (¢,), (dy) be
such that Vn € N(¢,4q1 > d,, > ¢,) and y = lim,, ., ¢,. An interval set of D™ —density

1 at a point y is a set of the form (J, .y[cn, dn] with D™ (U, cnlcn, dn],y) = 1. Now, our

neN

axiom is the following:
(A4) For every x € R there exists an interval set of a D*—density 1 at the point .

The next axiom is less intuitive than the previous ones. It is described by the notion

of an infinite game. Consider the following game G™:

Player I: (Clo, bo) ((11, bl) (CLQ, bg)

Player II: Co 1 Co

The rules of G are the following: ¢; € (a;,b;) and [a;41,b;41] C (a;, ¢;) for each i € N.
Let x = lim,, .o ¢, Player I wins if | J,,cy[bn41, o] is an admissible set with D*—density

1 at . Otherwise, Player Il wins. Now, consider the game G™:

Player I: (ao, bo) (CLl, b1> (ag, 172)

Player II: d(] d1 dg
This time, the rules are the following: d; € (a;,b;), (a1, bit1] C (d;, b;) for each i € N.
Let y = lim, .o dy. Player I wins if {J,cy[dn, @nq1] is an admissible set with D™~

density 1 at y and otherwise, Player II wins. Now, we are ready to state the next

axiom:

(A5) Player II has winning strategies in the games G* and G~.
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The last axiom has a descriptive set-theoretical character.
(A6) The sets {(K,z) € K(R) x R : DT(K,z) = 1} and {(K,z) € K(R) x R :
D~ (K,z) =1} are Borel.

Without (A6) we can prove only that the set in (1) is II;-hard. Thanks to (A6) we

are able to prove its IT}-completeness.

3. MAIN THEOREM

Lemma 3. Let X be a metric space with the metric p. Let F : X — K(R) be such
that the set

K e KR): KNU #0})
15 open in X, for every set U open in R. Then F' is Borel measurable.
Proof. To prove that F' is Borel measurable it is enough to show that F~1({K € K(R) :

K C U}) is Borel for every U open in R. It is obvious in the case U = R or U = ).
Let us assume that () # U # R and put

1
= R: R .
Va {xe p(x, \U)<n+1}’ neN
Then the set

TH{KeKR): KCcU}})=F'{KekKR): KN(R\U)=0}) =

UF'{Kek®R): KNV, =0})

neN

is of type F,. [J

Lemma 4. Let {K, : s € NN} be a family of pairwise disjoint closed subintervals of
[0,1]. Let X C Tr (and we consider on X the topology induced from Tr). Define a
function F : X — K(R) by

F(T) =d(| JK,) forT €X.

seT

Then F' is Borel measurable.
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Proof. Let U be any open set in R. Let S ={s e NN: K, NU #0}. If T € X then
SNT #0 < F(T)NU # (0. Hence

F'{KeKkR): KnU#0}) = J{TeX :seT}

seS

is open. By Lemma 3 the function F' is Borel measurable. [J
Now we are ready to prove a main theorem of the paper which generalizes the results

of [3].

Theorem 5. Assume that D* is an abstract density operator fulfilling (A1)-(A5).
Then the set

X={KeKk(R):Vre KD"(K,z) =1 orD (K,z) =1)}
is ILy ~hard. If additionally (A6) holds for D*, then X is I} -complete.

Proof. If D* fulfills the axiom (A6), then it is standard to prove that X is coanalytic.
We need only to show that the axioms (A1)~(A5) imply the IT}-hardness of X'

We define, by induction with respect to the length of s € N<V, closed subintervals
K of [0,2] and real numbers ¢*, d*, pf,, r5 , for every m € N, such that the following
conditions hold:

(i) d® < ps, <rs, <c® and 1§ —d° < 1/|s| for every s € NN and m € N;
(i) Kem = [pS,, 72, for every s € NN and m € N;

(iii) Usmen[Phe, 7y is an interval set with D*—density 1 at d°, and Vm € N(r;, ; <

ps < rs) for every s € NN,

(iv) (d™, ™) C (5., p5,) for every s € NN and m € N;

(v) for v € NV let z, be such that {z} = ),,cn(d*™, ™), then the set cl (| ep<n Ks)

has not D*—density 1 at x,.

Let Ky = [1,2]. By (A5), Player II has winning strategies in the games G and
G~, say ot and 0~. Let & € (0,1) be such that ((0,1),) € ¥, i.e. let ¢? be an
answer of II for (0, 1) according to the strategy o*. Next let d® € (0, c?) be such that
((0,c),d%) € o~. By (A4) there exists an interval set with D*-density 1 at d?. By (A3)
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we may assume that this interval set is contained in (d?, min{c?, @’ + 1/2}); suppose

that it is of the form |, y[p%, %] with Vn € N(rl,, < p? <79). Put K,y = [p%, 2]

Let £ € N. Assume that we have already defined intervals K-,, and numbers ¢*,
d, ps,, rs which fulfil (i)-(iv) for every |s| < k and m € N. Let s € N<N be such that
|s| = k and let I € N. Let ¢*"! be an answer of Player II to the k-th move (1§, p;) of

Player I in G* according to o*; more precisely let ¢*! be such that

& s|1 s|1 s s s s s”
((0,1); % (Higy 41, Do) €15 (50 41 P )i €15 0 (s )i 1) € 0

Next let d*! be an answer of Player II to the k-th move (r§,,,c¢*") of Player I in G~

according to o~ ; precisely let d* ! be such that

((0,¢"); d ( 0)+1) My dolts (r S|1)+1, N dtl L ds () d ) € o

By (A4) there exists an interval set with D*—density 1 at d*!. By (A3) we may assume
that it is contained in (d*!, min{c*!,d*' + 1/(k + 1)}); suppose that it is of the form
Unenlps t,rs 1] with Vnoe N(ril, <pit <rih). Put Kpn = [p5 ' rsl].

n’n

In this way we have defined intervals K-, and numbers c*, d°, p; , r; fulfilling the
conditions (i)—(iv) for every s € NN and m € N. We show that the condition (v) holds.
Let x, be such that {zo} = [, cy(d*™, ") (by (A1) this intersection is a singleton).

Since o is a winning strategy in G*, we obtain that X+ = UneN[pg‘(Z),c‘X'("“)] is

not a set with DT—density 1 at z,. Note that for each n € N: if m < «(n), then
K (any'm [p%‘",r%ln] C Xt and if m > a(n), then rp," < 7"3'51)“
Since cl(X*) = X U {z,}, then (x4,00) N cl(U,en<r Ks) € XT, and by (A2) and

< ot <o

(A3) we obtain that cl(|J,cy<n Ks) has not D —density 1 at z,. Analogously one can
show that cl(|J,cy<n ) has not D™—density 1 at z,.

Consider the function T" — cl(J,cr Ks) which maps Tr to K(R). By Lemma 4 this
is a Borel function. By Proposition 2, to prove the Theorem it is enough to show that
for every T' € Tr the following equivalence holds: T' € WFEF < (Uger Ks) € X
(recall that the notions of H}—Completeness and Borel—l’[%—completeness are equivalent
— see [4]).

Assume that T € WF and = € cl (User Ks). We consider two cases:
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1) If z € K, for some s € T, then since K, is an interval, then by (A1)—(A3) we
have that D™ (cl({U;eqp Kt), ) = 1 or D (cl(U,ep K3), ) = 1.

2) If © ¢ K for every s € T, then z = d* for some s € T. Indeed, note that
d® is a limit point of each sequence (z,) with z, € Ky, for every n, where
(kn) is an increasing sequence of natural numbers. By the construction if
d* € cd(User Kt), then U, oy Kon C cl(U,er K¢) (here we use the fact that
T € ﬂ) Suppose now that = # d® for every s € T. Then there exist
sequences (s,) € T and (w,) such that w, — = w, € K, for every n € N.
Since x # d?, then (s,(0)),en is bounded. Then there is ky € N such that
the set {n € N : 5,(0) = ko} is infinite. Proceeding inductively we define a
sequence o = (ko, ki, ko, ...) with ajn € T for n € N. A contradiction. Then
let s be such that = d°. Note that by (ii) and (iii), {2} U, ey Ksn is an
interval set with D*—density 1 at z. Since {z} U, ey Ksn C cl(U;er K¢), then
by (A2) we obtain D* (cl(U,ep K¢), ) = 1. Then cl(U,or Kt) € X.

Assume now that T ¢ WFE. Then the body [T] of T is nonempty. Let a € [T] and
let x, be the unique point of ﬂneN(d"'", ™). Note that {p§|(71)}n€N is a sequence of
elements of | J,., K tending to z,. Then x4 € cl(|J,ep Ks). By (v) and cl(U,er Ks) C
cl(U,en<v Ks) we obtain that cl((J ., Ks) ¢ X. O

4. APPLICATIONS

4.1. Lebesgue density. Let u be Lebesgue measure on R. For a measurable set
E C R and a point x € R, by d™(x, E) we denote the right-hand Lebesgue density

—[Dﬁ]mE), provided this limit

of the set E at z, i.e. the number d*(z, E) = lim,_ o+ 4
exists. Analogously we define d™(x, E).

Clearly the conditions (A1)—(A3) hold for Lebesgue density. To prove (A4) it is
enough to establish the existence of an interval set with d™—density 1 at 0, since
d*(E,z) = d*(FE —x,0) and d~(E,0) = d*(—F,0) where E—z = {y—x:y € E} and

—E ={—y:y € E}. Let a, = 7, bnzll?);—nl__l)lfornzl. Then for ¢ € (157, 107
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we have
(U lax: b6 0(0,8) = (U Taw, be] U [an i, min(t, b)) >
k=1 k=n+2
t—2 bpso| =t t(1 — 10"t = (1 2

Hence |J, cy[@n, bn] is an interval set with d*—density 1.
Now we describe a strategy for Player IT in G after the n-th move (a,,, b,) of Player
I, let Player’s IT answer be ¢, = 1/2(a, + b,). Let z = lim,, . a,. Then z € (a,,c,)

for every n € N. Hence u[(Upe [brt1, cx]) N (2,0,)] < ¢, —x < b, — ¢, and

M[(Ugozl[bk-&-b Ck]) N ($’ bn)] < Cp — T Ch — T

1
= < -
b, —x ~b,—x by—c,tc,—z 2

This shows that this is a winning strategy for Player II. A winning strategy for II in
G~ can be defined in a similar way. Finally this shows that d* satisfies (A5).
Note that

{(K,z) e K(R) x R: d"(K,z) =1} =

KO(ott) )y

{(K,x)EIC(]R)XR:V€>OE|(5>OWE(O,6)'M< ; >

NU N (Koermxr: 0020 o 1)

neN cQy te(0,6)NQ+ t
To prove the Borelness of the above set, it is enough to show that the set

T = {(K,7) € K(R) x R : u(K O (2,2 + 1)) < £(1 — =)}

n

is open. Let us fix (Ko, o) € 7. Since u(Ko N (zo, 70+ 1)) < t(1 — 1), then there

exists an open set U with u(U N (zg,z0 +¢)) < t(1 — 2). Let ¢ > 0 be such that
w(U N (zo, 9 + 1)) + & < t(1 — L), Then p(U N (z,2 + 1)) < t(1 — +) for cach z €
(xo—e, xo+¢€). Then the following set {(K,z) € C(R)xR : K C U, x € (xg—¢,x0+¢)}
is open. Moreover it contains (K, zg) and it is contained in 7. This shows that 7 is

open. Hence (A6) holds for d*.
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4.2. Porosity. Let E C R, 2z € R and R > 0. By A" (z, R, E) we denote sup{b —a :
(a,b) C (z,x+ R)\ E} (if there is no interval (a,b) with (a,b) C (z,z+ R)\ E then we
put A" (x, R, E) = 0). The right-hand porosity of the set E at the point x is defined

as

AT E
pT(E,z) = limsup —@’ R, )
R—0+ R

Analogously we define the left-hand porosity of the set E at the point z and we
denote it by p~ (F,x). We say that E is porous (strongly porous) from the right at x
if p*(E,z) >0 (pt(E,z) = 1, respectively).

We define two abstract density operators: DT (E,z) = 1 — p*(E, z) and

1, if pr(E,z) < 1;

i) =]
0, if p™(F,x) = 1.

DF(E,z) = 1 means that E is not porous at x, and D3 (E,z) = 1 means that E is not
strongly porous at x. The conditions (A1)—(A3) are immediate. Since a strong porous
set is porous, it is enough to verify (A4) for D; and (A5) for Ds.

Similarly as in the case of Lebesgue density, it is enough to define an interval set at

0. We claim that UneN[2n+2, 2n+1] has the D} —density 1 at 0. Note that

1 1 s — 1
+ 0l =1 2n+2 2043 _ li
b (g {271—1—2’271—1—1]’ ) s T a3

2n+2

Thus we show (A4) for DT,

We describe a winning strategy for Player II in G* with respect to the operator D :
. . n+1 1
if (ay,by,) is the n-th move of Player I, then Player II plays ¢, = iQan 5bn. Let
r = lim,_, a,. Then x € (a,, ¢,) for each n € N. Note that

> n—+1
m7k 1 k-i—lvck & n+ ( CL)

Thus
A (@ by — o U by al) o wa(n—an)  ntd
b, — x -~  b,—a, n+2
Hence p*(Up,[br+1, ck), #) = 1 which proves (A5) for D
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In [3, Section 3] it is proved that
A={(K,z) e KR) xR:p"(K,z) =0}

is Borel. Consequently, we have (A6) for DF. The proof that (A6) holds for Dy is

analogous.

4.3. J—density points. Suppose that J is a nontrivial ideal of subsets of the real
line, i.e. J does not contain R and contains all singletons. We say that a is a J—
density point of a set A C R if for every increasing sequence (n,,)meny of natural

numbers there exists a subsequence (ny,, )pen such that

lim X, (A—a)n(-11) = X(-11), J — a.e.

P—00
There are also one-sided versions of the definition of J—density points. Namely, we say
that a is a right-hand J—density point of a set A C R if for every increasing sequence

N )men Of natural numbers there exists its subsequence (n,, ),en such that
p/P

]}Lnglo Xnm, (A—a)n[0,1) = X[0,1)5 J— ae.

Analogously we may define a left-hand J—density points. These definitions are due to
Wilezyniski [11], see also [2].

Now, we define an abstract density operator by

1, if x is a right-hand J—density point;
D*(E,z) = & yp
0, otherwise.

Analogously we define D™ (F, z).

Since J is nontrivial, we have (A1l). The conditions (A2) and (A3) can be easily
derived directly from the definition of J—density points. The existence of an interval
sets with D*—density 1 follows by Lemma [2, 2.1.4]. So, we have (A4). We shall
define a winning strategy for Player II in GT. Suppose that (ag,bg) is the first move
of Player I. The answer of Player II is ¢ = ag + (b — ag)/2. Additionally put ko = 1.
Let (a1,b1) C (ao, co) be the second move of Player I. Let

by —a;
2

ki =min{k e N: k > by —ay}.



DESCRIPTIVE PROPERTIES OF DENSITY 13

The answer of Player Il is ¢; = a; + (b1 —aq)/2ky. If (ag, by) is the next move of Player

I, then let
bg — a9

ky = min{k € N: k

> by — as}
and IT plays ¢ = ag + (by — az)/2ks, etc.
Let © = lim,,_.o a,,. Consider the interval set E = J,_[bn+1, ¢,]. We claim that

Yy € (z,b) {neN:y—=z€k,(F—x)} is finite,

in particular, x is not a right J—density point of F, and the condition (A5) holds.

Let y € (z,by). Note that ko(E—y)+y = E, so EN(cg,by) = 0. Let n € N. Assume
that y € (an, ¢,) = (ay, bg;:" +a,). We shall prove that (k,(E —y)+y) N (b, by) = 0.
Then

b, — ay, b, — ay, b, — ay,

— > — — = 2k, — — >
kn(by —y) +y > kn(by ST an) + an = 2k, 5 5 a2
b b
%o — I = by + [(bo — an) — © > @) > by,
Moreover
b, — a, b, — a, 1.6, —a,
kn(cn —y) +y < kn( o +a, —a,) + o +a,=a,+ (1+ kn) 5 <b,

Finally, conditions (A1)—(A5) hold for every nontrivial ideal J of subsets of the real
line. The assumption that an ideal is nontrivial is so general that it would be hard
to expect that also (A6) holds in this case. However, we show that condition (A6) is
fulfilled in a very important case when we consider the ideal M of meager sets on R.

First note that {(K,z) € K(R) xR : (K —x)NU # (0} is open in L(R) x R
for every U open. For B C R with the Baire property, by B we denote the unique
regular open set with (B\ B) U (B\ B) € M. Note that for any K € IC(R) we have
(]R/\\l/() =R\ c(R\cl(R\ K)). Let I be an open interval. Thus
INR\EK) =0 <= INR\AR\(R\K)) =0 < ICdR\dR\K)) <

R\ cl(R\ K) is dense in I <= cl(R\ K) is nowhere dense in [ <=

R\ K is nowhere dense in [ <= K isdensein [ < [ C K.
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Using Theorem [2, 2.2.2] we obtain that

DY (K,z) =1 <= V(a,b) C (0,1),a,b € Qe € Q,Ing € N¥Vn > ny

—_~——

J(e,d) C (a,b),c,d € Q (|d —c| > e and (¢,d)Nn((R\ K) —z) =0).

Thus {(K,z) € K(R) x R : D¥(K,z) = 1} is Borel. Analogously we show that
{(K,z) €e K(R) x R: D (K,z) =1} is also Borel. Hence (A6) holds.

5. DISCUSSION ON (Ab)

Now we give an example of an operator D which fulfills (A1)—(A4) but does not
fulfil (A5).

Example 6. Here all Borel sets are admissible. Let D™ : B(R) x R — [0, 1] be given

by
1, if X N (z,z + ¢) is uncountable for every £ > 0;

DT(X,x) =
0, if X N (x,x+ ¢) is countable for some £ > 0.

Analogously we define D~. Note that every interval set has D*~density 1. Then (A5)
does not hold. It is clear that (A1)—(A4) are fulfilled for D. Note also that

{K e KMR):Vo e KD"(K,z)=1o0or D (K,z) =1)}

is the family of all perfect compact subsets of the real line. Hence it is a G set. This
shows that axioms (A1)-(A4) are not sufficient to prove the IT;-hardness of the above

set and some additional axiom is needed for this purpose. [J

In our consideration, it is important that Lebesgue density and porosity are defined
with the use of limits. One can establish (A5) for several kinds of densities and
porosities on the real line until in their definitions the limit or the upper limit are
used. If we consider lower density, or in the definition of porosity we change lim sup
to liminf, then (A5) simply does not hold. Player II can always make so small holes

in an interval that the lower limit of an interval set will be equal to 1.
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