DESCRIPTIVE PROPERTIES OF DENSITY PRESERVING
AUTOHOMEOMORPHISMS OF THE UNIT INTERVAL

SZYMON GLAB AND FILIP STROBIN

ABSTRACT. We prove that density preserving homeomorphisms form a II1—complete subset
in a Polish space H of all increasing autohomeomorphisms of unit interval.

In descriptive set theory the following phenomenon is known — sets with a simple de-
scription can have extremely high complexity, for example they can be Hifcomplete. Many
classical examples of such sets can be found in the Kechris monograph [K]. They appear
naturally in topology, in the Banach spaces theory, the theory of real functions, and in other
branches of mathematics.

We consider the set of all density preserving homeomorphisms of the unit interval. Density
preserving homeomorphisms play an important role in real analysis. First time they appear
in Bruckner’s paper [B] where the author studied questions related to changes of variable
with respect to approximately continuous functions. Some structural properties of density
preserving homeomorphisms were proved in [N]; in this paper Niewiarowski considered also
density preserving homeomorphisms on the real plane. Ostaszewski in [O] investigated con-
nections between homeomorphisms preserving density point and D-continuous functions, i.e.
continuous mappings with the domain and range furnished with the density topology. The
Baire category analogs of density preserving homeomorphisms, namely Z-density preserving
homeomorphisms, were considered in [CLO].

In this note we prove that the set of all density preserving homeomorphisms of the unit
interval is l’[}complete. Descriptive properties of other classes of homeomorphisms of the
unit interval were investigated in [G].

The paper is organized as follows. In Section 1 we give basic definitions and facts. In
Section 2 we present the main theorem which specifies descriptive set theoretical complexity

of density preserving homeomorphisms.
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1. BACKGROUND INFORMATION

We use standard set—theoretic notation. For the descriptive set—theoretical background
we refer the reader to [K|. By H C C|0, 1] we denote the set of all increasing autohomeo-
morphisms of [0, 1]. It is easy to see that H is a Gs subset of C[0, 1] and hence it is a Polish
space.

Let u be Lebesgue measure on R. For a measurable set £ C R and a point z € R, by
d*(x,E) we denote the right-hand Lebesgue density of the set F at x, i.e. the number
dt(x, E) = limy,_,o+ w, provided this limit exists. Analogously we define d~(z, E).

Finally by d(z, F') we denote the density of E at x, i.e. the limit

. wlx=h,z+hNE
de, E) = lm, ! 2h 0%,

If d(x, E) = 1, then we say that x is a density point of E. If d*(x, F) = 1, then we say that
x is a one-sided density point of E.

A homeomorphism h € H preserves density at x € [0, 1], provided, for every measurable
set S, h(x) is a density point of the set h(S) whenever x is a density point of S. If h € H
preserves density at every point of [0, 1], then we say that h preserves density points. The
set of all density preserving homeomorphisms in H is denoted by D PH.

To characterize density preserving homeomorphisms we need the notion of an interval set.
A set S is called an interval set at a point z if there exist sequences (x,) and (y,) such
that x, — zand y1 < 21 <yo < T2 < ... < xT Or T] > Yy > T2 > Yo > ... > x such that

S = UnEN[ynvm’fJ'
It can be easily seen that if S = U, cn[¥n, 2n] and 1 > y1 > 22 > y2 > ... > 2, then
(T — Yk)

EOO
d*(x,8) =1 if and only if —F="+1 —1
Yn — T

and if S =, cn[¥n, zn] and y1 <21 <y2 <2 < ... <z, then

Zozn-‘rl (xk - yk)
N
T — Ty

Dy
d”(z,5) =1 if and only if

In the sequel we will need the following facts dealing with density preserving homeomor-

phisms which are taken from the paper [B].

Theorem 1. If h is a homeomorphism of [0,1] onto itself which preserves density points,

then h is absolutely continuous.
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Theorem 2. Let h be an absolutely continuous homeomorphism of [0,1] onto itself. A
necessary and sufficient condition for h to preserve density points is that h preserves one-

sided density points of every interval set.

Theorem 3. If h is a continuously differentiable homeomorphism of [0,1] onto itself and

the derivative h' never vanishes, then h preserves density points.

Let X be a Polish space. A subset A of X is called analytic if it is the projection of a
Borel subset B of X x X. A subset C of X is called coanalytic if X \ C is analytic. The
pointclasses of analytic and coanalytic sets are denoted by E% and 1’[%, respectively. A set
C C X is called H%—hard if C for every zero—dimensional Polish space Y and every coanalytic
set B C Y there is a continuous function f : Y — X such that f~1(C) = B. A set is called
I1} complete if it is II{-hard and coanalytic.

Let A be any set and let N stand for the set of all nonnegative integers. By A<N we denote
the set of all finite sequences of elements from A. For a sequence s = (s(0), s(1),...,s(k—1)) €
A<N'and m € Alet |s| = k be the length of s, and let s"m = (5(0), s(1), ..., s(k—1),m) denote
the concatenation of a s and m; in the similar way we define the concatenation of two finite
sequences. For a sequence a € AN and n € N, let aln = (a(0),a(1),...,a(n — 1)) € A<N,
Similarly for s € A<N and n < |s|, let s|n = (5(0),s(1),...,s(n — 1)) (additionally s|0 = 0,
where () is the empty sequence). A set T C A<N is called a tree if for every s € T and every
n < |s| we have s|n € T, in particular each tree contains the empty sequence (). We will use
() to denote the empty set and the empty sequence, but it will never lead to confusion. By
PTry we denote the set of all pruned trees on {0, 1} (a tree T on A is pruned if for every s € T
there is m € A with s'm € T'). Let WF; ={T € PTry: [T|NN =0}, IFy = PTry\ WF,
where N = {a € {0,1} : 32°a(n) = 1} ( 32 is a shortcut for ”infinitely many n” and V5°
is a shortcut for ”for all but finitely many n”). Tt is well known (cf. [K]) that W Fy is TI{—
complete.

Let A be subset of a Polish space X and let C, D be disjoint subsets of a Polish space Y.
Let A <y (C, D) assert that there is a continuous map f : X — Y with f~}(C) = A and
f~1(D) = X\A. Clearly, if A is II}-complete and A <y (C, D), then C is II}-hard.

2. DENSITY PRESERVING HOMEOMORPHISMS

Fix two decreasing sequences (a;,) and (8y) of positive real numbers tending to 0 with

ap < 1/4 and 5, /o, — 0.
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FIGURE 1. Graph of f.

We define Cantor schemes of closed intervals {1, : s € {0,1}<N}, {ILg : s € {0, 1}<N\{0}},
{IR,: s € {0,1}<N\ {#}} by recursion with respect to length n = |s| of s as follows:

(i) Iy = [0,1];
(ii)) Let Is = [as,bs]. Then Is~¢ and I;~; have the length %an+1|I5| and they have the
common centers with the left and the right halves of I, respectively;
(iii) Let Iy = [as, bs]. Then ILs = [cs, as] and IRs = [bs, ds] are such that [ILs| = |[IRs| =
am | Is].
Note that U, e 138 e Iyjn = Ny Ujsj=n Is is a perfect Lebesgue null subset of [0, 1].
Now, for every T' € PTry we will define a sequence of continuous functions (f!'). For this

purpose fix T' € PTry. Let flT be a continuous function with
F0) = f{ (e) = f (dy)) = fi (cqy) = f{ (dy) = [T (1) =1,

f (@) = By for @ € Iy U Iy,

and f{ is a piece-wise linear elsewhere on [0,1]. Suppose that we have already defined

ft,...ff. To obtain fnTJrl we modify fI' on each interval Iy with s € T, |s| = n and
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s(n—1) =1. On I, = [as, bs| we define a continuous function f;; with
fg;ﬂ(%) = fg:rl(CsAO) = fgﬂ(dS”O) = fgﬂ(csi) = fv?ﬂ(dsAl) = fgﬂ(bS) = fwj;(bS)v

T (@) = Busr £ (bs) for @ € Log U Loy,

and f;, | is piece-wise linear elsewhere on I,. On the rest of [0, 1], a function f, ; remains un-
changed, i.e. L, (z) = fI(x) for every point = € [0,1]\U{L; : s € T, |s| = n,s(n—1) = 1}.
Since for every x € [0, 1], the sequence (f'(x)) is nonincreasing, the sequence (fI) is point-
wise and monotonically convergent to some function f7.

Now if f :[0,1] — R is Lebesgue integrable, then ||f||z, stands for fol |f(t)|dt. Recall that
N = {y € {0,1} : 7 has infinitely many 1's}.

Lemma 4. The following statements hold
(i ( fE(z) =0 if and only if x € Uy eprnn ﬂlﬂn) ;
(ii) fT is Lebesgue integrable;

(iii) limy—oo ||fL — fT|L, = O uniformly on PTrs;

) ¥
)
)
(iv) The mapping T — || 7|1, is continuous,

Proof. The parts (i) and (i7) follow directly from the construction.

Ad(iii). If T € PTre and n € N, then fT and fI can differ only on the set Ujsj=n 1s- Since
limp o0 3152y [s| = 0, the result follows.

Ad(iv). If S, T € PTry are such that {s € S: |s| <n} = {s €T :|s| <n}, then 7 and f°
can differ only on the set (J|;_,, Is. Thus we get (iv). O

Now, for every T' € PTry and z € [0,1], we put

T _# x T
g (@)= Hf%l/o f (@i

T is absolutely continuous. Moreover, by Lemma 4(i), g7 is strictly

By Lemma 4(ii), ¢

increasing, and hence g7 € H.
Lemma 5. The mapping T — gT 18 continuous;

Proof. For every S € PTre, n € N and x € [0, 1], we define

T _# v T
9 (®) = 7Y JRACE
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Fix any ¢ > 0 and T' € PTry. By Lemma 4(iii) and since there exists A > 0 such that
[|f%l, = A for every S € PTry, we have that there exists ng € N such that for every

n > ng and every S € PTry,
l9° = gallowp < /3

(|| - ||sup stands for supremum norm). Moreover, by Lemma 4(iv), the mapping 7" — W
1

is continuous and hence there exists ny € N such that for every S € PTry and n > nq, if
TN{s:|s| <n}=5N{s:|s| <n}, then

1 1

‘Wmm_Hﬁhl

Set n’ = max{ng,n1}+1. Then for every S € PTry with TN{s:|s| <n'} =SN{s:|s| <n'}

<&
3"

we have that fg = f;f,, and therefore

T S T T T S S S
llg" —g Hsuz2§H9 _gn’Hsup"‘Hgn/_Qn”|sup+|’9n/_9 Hsuz)
1 1
”fTHL1 HfSHL1

€ T €
< S+ +3<e

Theorem 6. WF; <y (DPH,H\DPH) and hence DPH is I} ~hard.

Proof. Tt is enough to prove that for every T' € PT'ro,

T € WFy if and only if ¢ € DPH.

Let T c PTT'Q and Tr € [0, 1] If X ¢ U’YG{OJ}N mnGN I,y‘n or xr & U"/G{O,l}N\[T] ﬂnEN I,y|n,
the construction of the sequence (fI') stops at a some neighborhood U of z. Hence g” is
T _ faw

T ey L

some n € N. By Theorem 3, g@ preserves density points. Since x € U and U is open, g”

continuously differentiable in U and (g7)'(y) > 0 for every y € U and
preserves density at x.

Now, assume that x € U'yE([T]\N) Mpen Lypn- We will show that g” preserves density at =
for every interval set. Let v € ([T]\IN) be such that z € [, oy Iy, and let ng € N be such
that y(n — 1) = 0 for every n > ng. It is easy to see that there exists 8 > 0 such that f7 = 3
on the set

Lino\ |J (TL¢ymy 170 U Ligmy 10 U T R(ypny 10 U T Ly )11 U  (gmy 11 U TR (qpmy101) -
n>ng
Now let M = J,,cx[¥n» n] be any interval set at z. Consider two cases:

Case 1. y1 < @1 < <2 <..<wand d (z,M) = 1. Then fT is constant on [a,,,z),
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which easily implies d~ (g7 (z), g7 (M)) = 1.
Case 2. x1 > y1 > T2 > Y2 > ... > x and d¥(z, M) = 1. Since g7 is increasing, we only have

to prove that

> esng1 (97 (xr) — 97 (ur))

lim =1.
n—o0 9" (yn) — 9" (x)
For every n € N| let k, be such that y, € Ikn\ Y|(kn+1)- Then there exists ny € N such

that k, > ng for every n > n;. Fix n > ny. Then fT equals 8 on the set

L, \ U U LG5 Y Lt 5 Y TR (k) i75) -
i=0,1 j=0,1
Hence

> (9" (@) — 9" (k) = B ( > (@ — k) — A0y 0%0l — 8|IL(7|kn)‘0AO> >

k=n+1 k=n-+1

> [ ( Z (T — yr) — 12N('\/|kn)AOAO‘> > f ( Z (T — yr) — 6akn+2u('y|kn)‘0’>

and

9" (yn) — 9" (2) < B (yn — 7).
We also have that
Un =2 2 (byf(kn+1) = byl(kn+2)) = \ (k1)
Therefore we obtain

Yoo (0" (@) = 9" (k) Yoptnin (ke — yr) — 60, 2| lyk,) ol

> =
9% (yn) — g7 (2) - Yn — T
_ 2k (@ —YE) 6akn+2|l('y\kn)”0|
(Yn — ) (Yn — )
2ozni1(@e —Uk) kg2l (i) ol
- (Yn — ) 5 (v 1eny0l)

Since k,, — oo, if n — oo, then

. S esng (97 (xr) — 97 (uk))

T Ty @

This shows that if T € WEy, then g7 preserves density points for interval sets, hence and
by Theorem 2, g7 preserves density points.

Now, let T € IF5 and let v € [T] be a sequence with infinitely many 1’s. Define sequences
(zx) and (yx) in the following way: x = by, 1 yp = dy)(k41) for £ = 1,2, ..., and let = be the
unique element of (), ¢y Iyjn. Clearly, x1 > y1 > 22 > y2 > ...v and z,, — . It is enough to

show that
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(i) o is a right-sided density point of (J,cn[yk, k]
(ii) g”(x) is not a right-sided density point of Uycn[97 (yx), 97 (zk)].
To prove (i) it is enough to show that

T — Yk
Yk—1 — T

— 1.

Let k > 2. If v(k) = 1, then

1
ok = Uk = by — gy = 3 (el = 205 000 = A Lojiesy]) =

1 1 1 1
= 5 (1100 = 250l = 4502l ) = 110 (1= as — 20,.)

and
Yk-1— T < Yh—1 — Q(y[)°1 = Aok — Q(y|k)"1 =
= Ayl = byl + byl — iy 1 T dqik) 1 = baiky 1 T bk — ARy =
1 1 1
= ol Lyl + 7 115 (1= aps1 —205,4) + §ai+1|fwc| + gLyl =
1 1
= Lyl | ok + 10T
Hence

Tk — Yk > |I'y|k| (% - %ak—&-l - %az—i-l) . 1-— ki1 — 2a%+1

Yh—1— T~ |Lyl (% + iOCkH_]_ + ay) 1+ agpyq +4ag
If v(k) = 0, then

Q, k—i-b k a k—i-b k
2k = g = bajie = g0 = boppe — g1 + TR g =

= Il gl (1= agin — 2040) = 1T (3 — anr — 207,)
and
R e CTION
= dyjk = Ay|k) 1 T A1k 1 — Colk) 1 F Ey ) 1L~ Diylk)0 T dy1k) 0 ~ O(aik) 0 F biyik) 0 — A(yl)0 =
= {1l (U o+ ) Lelod s 423 Tel (1= s — 2080) 45 | plod 5 o =
LT el (3 o + o).

Hence

Th =Yk o 3 Yk — 203,
Y1 —T 3+ apy +4oy

Tk —Yk
Yk—1—%

Since a,, — 0, then — 1.
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To prove (ii) fix an increasing sequence (ng) of natural numbers with y(ny—1) =1, k € N,

and let by = g7 (yn,) — g7 (x), k = 1,2, ... Then

PUnenlyn, 2] N 19" (@), 9" (2) + i) Eiznyr (97 (1)
hy, 9" (Yn) — 97 (

)
Moreover,
Yizngr (07 @) =g W) " (yny) — 97 (@ 11)
9" (Yn,) — 9" () 9" (Yny.) — 9" (2)
so it suffices to show that

T T
i 9 (gnk) g (;fnkﬂ) 1
k—oo gL (yYn,) — 97 (x)
Let k£ € N. We have

9 () — 9" (@nr1)  Jo™ fT() — Jo " T (dt o f(E )dt S, f(e)dt
9 (yn) — 9" (@) [T fT(e)dE— [T FT()dt [ fT(t)dt — fy"k FT(t)dt”

Ayl (ng+1)

Note that [Tn,+1,Yn,] = [Ryn,+1) and fT on IR,|(n,+1) is linear with ff(an41) =

Brw+1fT (yn,, ). Note also that [ (ng+1)s Trg+1] = Lyjny+1) and T on L ny+1) 18 less or
equal to fT(zp,+1). Using this we obtain:

[ froa= [ foas [" o

Ay|(ng+1) Av|(ng+1) Tng+1

1
< @) sy + 5 5 (F" @nr1) + T (Wn)) Ry gy =

- ﬂnk"!‘lf (ynk)| ~|(nk+1) ’ +5 (5nk+1f (ynk) + fT(ynk)) ank-l—l’ ~|( nk+1)‘
and
Ik 1 .r 1
fH(t)dt > §f (Z/nk)\Iva(nk+1)| 2f (ynk)ankJrl’ 7I( nk+1)|

-'Enk.+1

Hence for any k € N

9" Wn) = 9" (@nys1) Q41 _ 1
9" Wn) =97 (@) T om 1 (T Brrn) + 26041 14 3,,, 4y + 200t

(793 +1

ﬂnkJr

Since — 0, we get
+1

9" (yny,) — 9" (T, 41)
9" (yn,) — 97 ()

Corollary 7. DPH is I} —complete.
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Proof. By Theorem 6 it is enough to prove that DPH is coanalytic.

As usual ¢ is the

Banach space of all sequences tending to 0 with supremum norm. By c0 denote the set of

all strictly decreasing sequences from cg, and by ¢, denote the set of all strictly increasing

sequences from cg. Then cg and ¢, as G5 subsets of cg, are Polish spaces. By Theorem 1

and Theorem 2 it follows that f € DPH if and only if

V(an) € ¢ oV € [0 1) {d+ <CE, U [:L“+a2n,x+a2n,1]

neN

( x), f [+ agn, T + a,— 1)

= dt ( }
V(an) € ¢y Vo € (0,1] { < [z + agn— 17a:+a2n> =
neN
=d }
neN

(f 7f ‘T"_G/Qn 1,x+a2n>

and f is absolutely continuous.

Note that

AMUlazn, azn—1] N

2
2

[0, 2])

d+ <0,U[a2n,a2n_1]) =1 << Ilzli% h

[e.e] o0
i a —a a —a
lim szl = VYt € Nang¥n > no EM>
n—00 a2n Q2n
k=n k=n
" a —a 1
< Vit € NdngVn > ngVp € NImgvVm > my ZM>1—E—7
a2n

k=n

From this we obtain that the set {(a,) € ca“ : d+(UneN[a2n,a2n+1],

that if f € H then

d+ (f(m),f (U [x—i—agn,m—i—agn_l])) =1 <

neN

+ agk1) —

f(x + agki2)

)21:

m
Wt € N3ng¥n > no¥p € N3mo¥m > mg > fl@
k=n
This shows that the set

{(f, (an),z) € H x cf x [0,1) : d" (f(a:), U [f(x+a2n),f(x+a2n+1)]> = 1}

neN

flx+ az,) —

f(x)

=1 <<

>1-—

i

p

0) = 1} is Borel. Note

is Borel. Since {f € H : f is absolutely continuous} is Borel subset of H (this is an easy

observation), then we obtain that DPH is coanalytic subset of H. The result follows.

O
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It would be interesting to verify whether the same fact holds for Z-density preserving

homeomorphisms in H.
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