LEVY-STEINITZ THEOREM AND ACHIEVEMENT SETS OF CONDITIONALLY
CONVERGENT SERIES ON THE REAL PLANE

SZYMON GLAB AND JACEK MARCHWICKI

ABSTRACT. Levy-Steinitz theorem characterize sum range of conditionally convergent series, that is a set of
all its convergent rearrangements; in finitely dimensional spaces — it is an affine subspace. An achievement of
a series is a set of all its subsums. We study the properties of achievement sets of series whose sum range is
the whole plane. It turns out that it varies on the number of Levy vectors of a series.

1. INTRODUCTION

The old result due to Riemann states that for any a € R and for any conditionally convergent series
>0, @y, of real numbers there is a permutation o of natural numbers such that the rearrangement > | Ty (n)
is convergent to a. This fact can be generalized to finitely dimensional spaces as follows. By SR(z,) denote
the sum range of the series, that is the set of sums of all convergent rearrangements of the series Y oo | .
If >°7° | @, is conditionally convergent in R™, then the classical Levy-Steinitz Theorem states that SR(z,,) is
an affine subset of the underlying space. More precisely, SR(z,) = > oo, x, + 't where T'* is a subspace
orthogonal to the set T' = {f € (R™)* : >_°° | | f(z,)| < oo} of all functionals of series convergence. The theory
of rearrangements of conditionally convergent series in Banach spaces, and further in topological vector spaces,
has been developed and deeply investigated by many authors; we refer the reader to the monograph [10] for
details.

An important tool to study sum range SR(z,) is a so-called Levy vector. A vector u € R?, |ju|| = 1 is
called the Levy vector of a series | v, if for every ¢ > 0 we have > v es. () lvnll = 0o, where S (u) =
{v: (u,v) > (1 —e)|ull||lv|l}. Absolutely convergent series has no Levy vectors. If > °° z,, z, € R™, is
conditionally convergent, then the set L(x,,) of all its Levy vectors is non-empty and each closed half-sphere
contains a Levy vector of > | x,,. Moreover, the linear subspace — > | @, +SR(z,) of R™ contains a linear
space spanned by L(z,). However in general span(L(z,)) not need to be equal to — Y ", z,, + SR(z,,); for

example if z,, = ((_771)L7 %), then L(z,) = {(0,1),(0,—1)} but SR(z,) = R?. From the sum range point of
view there are only two types of conditionally convergent series ZZOZI Z,, on the plane R? — those for which
SR(z,,) is a line and those for which SR(x,,) = R2. There is the other set which can be naturally attained to
a series and which can distinguish series within these two classes — the achievement set.

For a sequence (z,,) in Banach space, we call the set A(z,) = {d oo enzn : (en) € {0,1}N} the set of
subsums or the achievement set. This notion was mostly studied for absolutely summable sequences on the
real line. Probably the first paper where topological properties of the achievement sets were investigated
is that of Kakeya [11]. He proved that such sets can be finite sets, finite unions of compact intervals or
homeomorphic to the Cantor set. His conjecture that the achievement set can be only one of these three forms
was disproved by Weinstein and Shapiro [20], Ferens [6] and Guthrie and Nymann [7]. It is worth to mention
that the motivation of Ferens’ paper [6] came from measure theory; namely, the Author construct purely
atomic probabilistic measure the range of which is neither finite union of intervals nor homeomorphic to the
Cantor sets. Topological classification of achievement sets on the real line was given by Guthrie, Nymann and
Saenz [7, 17] who proved that they can be a finite set, a finite union of intervals, homeomorphic to the Cantor
set or it can be a so called Cantorval (see also [4]). A Cantorval is a set homeomorphic to the union of the
Cantor set and sets which are removed from the unite segment by even steps of the Cantor set construction.
If underlying sequence is regular, for example multigeometric, then achievement sets are fractals. Fractal
geometry of achievement sets were studied in [1, 2, 5, 14, 15, 16].

The achievement sets of conditionally convergent series of real numbers is the whole real line [4, 8, 18, 19].
Studies of achievement sets of conditionally convergent series in multidimensional spaces were initiated by us in
[3]. In that paper we focused mostly on the case when Y 7 | z,, is conditionally convergent on R? and SR(zy,)
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is a line. We made also a general observation that SR(x,) = R™ if and only if the closure of A(x,) equals R™
as well. There is also an example of series on the plane such that SR(z,) = R? and A(z,,) is dense and null.
This paper is devoted to answer the following question. What need to be assumed on the series Y | x,, with
SR(z,) = R? to obtain A(x,) = R?? The answer depends firstly on the number of Levy vectors. In Section 2
we show that if a series has more than two Levy vectors, then A(z,,) = SR(z,) = R%2. We are able to prove even
more: for any a € R? there is an increasing sequence (ny,) of indexes such that > p- | ,,, is absolutely convergent
to a. In symbols Aaps(z,) = R? where Aaps(2n) = {d o €nn @ D oney nllzn]| < 00,6, € {0,1} for each n €
N}. Note that always A ps(2,) C A(zy). In Section 3 we discuss the case when there are exactly two Levy
vectors. We find a necessary condition for A(z,) = R? for series Y o, z, with |L(z,)] = 2. We give an
example of series Y >~ | x, with two Levy vectors and such that A,ps(z,) # A(z,) = R2. Finally in Section 4
we give an example of series such that SR(z,) = R?, | L(x,)| = 2 and A(z,) is a graph of a partial function,
more precisely all its vertical sections have got at most one element.

The idea of using Levy vectors to analyze conditionally convergent series come to us from Klinga’s paper
[13] who in turn used the ideas from Halperin’s paper [9]. Klinga used Levy vectors to study ideal version of
Levy-Steinitz theorem and in the proof of the main result of [13] he distinguish between situation when a series
has two Levy vectors or more than two. We found this distinction crucial in our consideration.

2. SERIES WITH MORE THAN TWO LEVY VECTORS
We start this section with a simple observation.

Lemma 2.1. Let (a,) be a sequence of positive real numbers such that a,, — 0 and Y~ a, = co. Let x,e >0

and N € N. There exists finite set of indexes F' such that v —e <) _pa, <z and N <n for everyn € F.

The notion of Levy vectors was investigated by Halperin in [9] who proved the following auxiliary result.

Proposition 2.2. Let Y 7, v, be a conditionally convergent series on the plane.

(i) If SR(v,) = R2, then in every closed half unite circle there is a Levy vector.
(ii) L(vy) is a closed subset of the unit circle.
(ii) w is a Levy vector of a series Y ., v, if and only if there exists a subsequence (k) such that vy, =
ant 4+ wy, where (o) is a sequence of positive real numbers tending to zero such that Zzozl Qp = 00
and 355 ] < oo.

Let us give a couple of examples to illustrate the notion of Levy vectors.

e The series Y02 (CX 0) and 3202 (525 EU) have one-dimensional sum ranges and therefore

each of them has exactly two Levy vectors.

e The sum range of the series Zle(ﬂ, (?/1%”) is the whole plane, while it has only two Levy vectors.

e Let z € C be a complex number such that |z| = 1, which is not a root of unity, that is 2™ # 1 for
every n € N. Then > 7, % is a conditionally convergent series. Moreover the set of all Levy vectors
of 322 | =" is the whole unit circle.

o Let 22,1 = (0, 520, 2, = (52 0) for every n € N. Then L(z,) = {(0, 1), (~1,0), (0,1),(1,0)}.

n e
o Let 3,2 =

s —35), Tan—1 = (527,0), 3, = (0,5-) for every n € N. Then L(z,) =

(—

{(_17 _1)7 (17 0), (07 1)}

o Let 23, 9 = (_Wlfzv_\/%)’ T3p_1 = (quvo)’ x3, = (0, \/%) for every n € N. Then L(z,) =
{(0,-1),(1,0),(0,1)}. Note that L(z,) is disjoint with open half space {(x,y) : < 0}.

We say that H is a central open half space if H is a rotation of {(z,y) : # > 0}. The last example shows
that the set L(x,,) of Levy vectors can be disjoint with some central open half space even when the sum range
of the underlying series is the whole plane.

Let v, vy be vectors on the plane. Put span™(vy,v2) := {avy + bvs : a,b > 0}. If vy, vy are colinear, then
spant (v1,vy) is the line or halfline; If v1,vy are non-colinear, then span*(vy,v2) is the interior of the cone
consisting of the points laying between half-lines {cv; : ¢ > 0} and {cvs : ¢ > 0}. From Proposition 2.2 we
immediately obtain the following.

Corollary 2.3. Assume that a series Y .., v, has at least three Levy vectors. Then there exists a central
open half space H and u,v,w € L(v,) such that H C span™(u,v) Uspan™(v,w) U L, where L is a halfline
{av : a > 0}.

Lemma 2.4. Let > 2, x, be a conditionally convergent series with Levy vectors u,v and x € span™ (u,v).
There are 6 > 0, (c,) of positive numbers and a sequence of finite, pairwise disjoint sets of indexes (Py,) such
that
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(i) cn < 5% and %cn < Cpg1 < Cnj

(ii) min Pn+1 > max P, ;

(ii) || ZZ 1y — (1= *)9C|| < ¢, where yi, = ZiEPk Lis

(V) Ykep,., llzell < $(cng1 — %) + 3(an + by), where ay, by, are such that & — > 1 Yp = ant + byv.

Proof. Fix x € span™(u,v), * = agu+bgv for ag, by > 0. Let § = min{d(z,U),d(z,V)}, where U = {cu : ¢ > 0},
V=Acw:c> 0} and d(z, X) is a distance between a point 2 and a set X. We define (¢,) by simple induction.
Find % <c < 5. Then take §- < ¢z < § ¢ and so on. Let xp, = =ay utwy and Ty, = o, v+w,, forn €N
satisfy the assertlon of Proposmon 2.2(iil). Moreover assume that (k ) and (m,,) are disjoint. Using Lemma 2.1

we find finite sets of indexes Ay C{ky:n €N} and By C {my, :n € N} such that 9 — G <> ) ap <%

Y onea, lwnll <5 3 =4 <Dnen, O < %0 and ZneBl lwn|| < &. Observe that
ag ap by
1D et Z Tn— H = Z Tt Y ﬂfn—*u—*vH = Y (aputwi)+ Y (apvtwn)—Zu—-of| =
neA; neB; neA; neB; neA; neB;
a b
DIFTTRE NS SRTTS SISHEL PSP
neA; neA; neB; neB;
ag bo €1
1> ap = 2 lllull + Do lwl+1>2 an = 5 vl +1 > wy] <4 =
neA; neA; neB; neB;

Put P, := A; UB;. Thus |ly1 — 5| < 1.

Assume that we have constructed (Py),_, for some ¢ € N. We know that || 3F_, yx — (1 — %)z|| < ct, so
[(x—=3h_y Yi) — || < c¢ < 2. It easy to see that mm{d(zt, U),d(&,V)} =&, s02—3_ yx € B(&z, ),
which implies 2 — ZZ:l yr € span™(u,v). Let x — Zk:l Yy = apu + bv. Let Ayq C {ky, > max P, : n € N}
and Byi1 C {m, > maxP; : n € N} be finite sets such that > .,  llwpll < 5, >, cp,,, lwnll < 5,
G =T < nean, O < % and b e < D oneBi, On < % where &; 1= cp41 — Scp. Put Py = Agq U By,

Thus
||Zyk+2yt+1—$\|—||33—Zyk—2 Dot Y, )l
’I’LEAt+1 nEB¢41
llatu + byv — 2 Z oy — 2 Z wy — 2 Z v —2 Z wy]| <
neAt+1 ’I’LEAt+1 n€By11 n€EBi41
Qg bt
25 - > anllull+2 > fuwnl +25 - > oanllvl+2 Y flwpll<2-4- Z = 2¢4.
neAt+1 nEAt+1 nEB¢41 n€EBy41
Hence
- 1 1
||Zyk—( 2t+1 ||_2||Zyk— - $|\+ \|Zyk+2yt+1—$||<*Ct+€t—ct+1
= k=1

Moreover for any t € N we have

Yo lwll= Y ladutwpll+ Y0 lano+wpll < Y0 (gl + lwil)+ D (lan] + llwpl) <

lEP; 41 n€As1 n€Byy1 n€As1 n€Byy1
a¢ Et bt E¢ 1 1 1
A T R
p Fa Ty Ty Tt gh

0

Theorem 2.5. Let Y.~ | z, be a conditionally convergent series with two non-colinear Levy vectors u,v. Then
span™ (u,v) C Aaps(Tn)-

Proof. Let x € span™ (u,v). Let (P;) be the sequence of sets of indexes from the assertion of Lemma 2.4. We
need to show ZleU;’il p, llz1]| is convergent. Note that

E ——¢) < E — )<= E I
t:l(CtH 2Ct it “ Ct T2E?
Moreover, if a € (0,7) is such that cos(a) = [{u,v)|, then for each ¢ € N we have |Ja,u + bv| > |lagu —

a; cos(a)v|| > at|lu — cos(a)v||. Therefore by Lemma 2.4(iii) we obtain

a l|laru + byvl| e+ o ||
"= Jlu—cos(a)v] = [u— cos(a)]]
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and consequently

6+ |||
_— <<
Z‘“ = Cos( Yol & Z et o 7l [ —cos(a)o]] =

In similar way one can show that > ,2, by < oo. Thus by Lemma 2.4(iv)

S al=Y Y fal< Zw Zbﬂr thﬂfgct)mo.

leU, Py t=11€Pi41
Since P is a finite set we have ZleUi”l p, lz1]] < co. Hence Zzeuwl p, T1 is convergent. By Lemma 2.4(i) we
=14t =1+t
know that ¢, — 0, so by Lemma 2.4(iii) we obtain that x = ZZGU"% p, Tl O
2, Py

We show that there is a strict connection between geometry of the set of Levy vectors and geometry of
Aaps (xn)

Theorem 2.6. Let > -, x, be a conditionally convergent series on the real plane. If any open half circle
contains at least one Levy vector of the series, then Aaps(x,) = R2.

Proof. Since every open half circle contains at least one Levy vector we can find three Levy vectors u, v, w of
the series Y | x,,, which satisfies span(u) # span(v) # span(w) # span(u) and
span™ (u,v) Uspan™ (v, w) U span™ (w, u) U span™ (u) Uspan™ (v) Uspan™ (w) = R?

where span® (2) = {az : a > 0}. By Theorem 2.5 we have R?\ (span™ (u)Uspan™ (v)Uspan™ (w)) C Aaps(7,). Fix
x € span™ (u). There exists y € span™ (u,v) such that z —y € span™ (u,w). Hence by Theorem 2.5 one can find
E C Nsuch that y =) _p2,, where Y |lz,|| < oo. Since an absolutely convergent series does not affect
Levy vectors, we have A((zn)nen ) D spant (u,v) Uspan™ (v, w) Uspan™ (w, u), especially © —y = > pzp
and ) pllzn] < oo for some FF C N\ E. Hence Y cpoip®n =D cp@n + 2 pepn =Y +2 —y =1, 50
2 € Aaps(zn). If o € span™(v) or z € span™ (w) then the proof is analogous. Hence A,ps(z,) = R2. O

Theorem 2.7. Let Y .2 x, be a conditionally convergent series on the real plane with more than two Levy
vectors. Then Aps(z,) = R2.

Proof. By Theorem 2.6 it is enough to show that for a series with L(x,) = {u,—u,v}, where v ¢ span(u),
we have Aups(z,) = R?. Without losing generality we may assume u = (0,1) and v € H = {(z,y) : > 0}.
By Theorem 2.5 and by using method of the proof of Theorem 2.6 we get inclusion H C Aups(zy). Fix
x ¢ H. Since A(z,) = SR(z,) = R? one can find finite set £ C N such that z — Y, .z 2, € H. We have
L((zn)nem ) = {u, —u,v}, 50 Agps((Tn)nemp) O H. Let F C N\ E be such that }° _p2, =2 - px
and Y pllzn| < oo. Hence Y  pipon = 2.

3. SERIES WITH TWO LEVY VECTORS

In this section we give the sufficient condition for series > 7 | v, with two Levy vectors for A(v,) = R?.

We call this condition as reduction property. We say that a series > oo (zn,y,) has a reduction property

‘yn‘
[0

{k1 < k2 < ... < ky} with ky > N such that [} _, 2z, — 2| < 5 and maxlgjgm\Zfl:l Tk,

maxi<j<m | Yooy Yeo| < €.

if lim,, o0 = oo and for every ¢ > 0, x € (—¢,e), N € N there exists a finite set of indices A =

< ¢ and

Proposition 3.1. Let > 0° (2, yn) be a series, which has the reduction property. If > °°  (Tn,yn) is a
conditionally convergent series, then its sum range is the whole plane, in symbols SR(zy, yn) = R2.

Proof. Observe that Y~ | z,, can not be absolutely convergent, namely we get > -, [z,,| = co. Indeed fix € >
0, # = 3. Then one can find a family of pairwise disjoint finite sets of indices (A;)?2; with min Ay;1 > max A,
such that | > ., on — x| < § for every t € N. We have > _ |xn| > nea, Tnl 2T =13 ca, Tn — | > §

for each t € N. Hence Yot anl = 3002 Y ea, Il = D072, § = oo, Since limy, o ||xn|| = 00, we have

>0 lyn] = co. Let f € (R?)* be a convergence functional for a series Y o, (2, yn), that is f(z,y) = azx +by

for some a,b € R and > o~ | [f(@n,yn)| < co. Clearly any of two cases, a = 0,b # 0 or a # 0,b = 0, leads to
the contradiction. Suppose that a # 0 and b # 0. Let M be a natural number such that “z"\ > 2“ for every

n> M. Thus Y07 | |az, +byn| = Y07 i lazn + byl = a> 07 1 (2 yn| = |zn]) = a Y07 o l2n| = co. It means
that the series has only one (trivial) convergence functional, so SR(z,,,yn) = R%. O

Theorem 3.2. Assume that .- 1 (zy,yn) is a conditionally convergent series, which has the reduction prop-
6’/’ty. Then L(‘rnv yn) = {(07 1)7 (Oa _1)}
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Proof. Suppose that ( 2+b27 \/a,fw) for some a # 0, b € R is a Levy vector of a series Y~ (2, Yn)-
By Proposition 2.2(iii) there exists a subseries Y~ (@, , Yk, ) with lim, sz: =Y. Since lim,_ oo ||32|| =
|y

a
00, we have lim,, .o 1~ m || = o0, which gives us contradiction. By Proposition 2.2(i) we get L(x,,y,) =

{(0,1),(0,—1)}. O

Theorem 3.3. Assume that > .- (zn,yn) is a conditionally convergent series, which has the reduction prop-
erty. Then A(z,,yn) = R2.

Proof. Fix (a,b) € R? and ¢ > 0. We will define inductively a sequence (A;), of finite sets of indices
A ={k{ <kj <...<kl, } for i € Ny such that for every p >1
(i) min A,11 > max A,;
) | Xpeyzrgt 4, e —al < g7 and [ X0z g, 9n = bl < 553
(111; |Z’ﬂ€U2p A, Tn—al < 5 and |Zn€U?£0 A, Un — b < 5 (this case holds also for p = 0);

J J
4 4
max | E ZTp + E T2 —al < > and max | E Yn + E Ypzr—1 — ] < o
n=1

1<j<map—1 1<j<map_1
TLEU2IJ 2A n=1 TLEU2P 2A

(v)

J 1 J 4

max E T +§ T,20 —a| < — and max E +§ 2 — b < —

1<j<map ‘ n kP | 9P 1<j<may ‘ Yn yknp ‘ op
ne U2P 1 A; n=1 ne U2P 1 A; n=1

By Proposition 3.1 we know that A(z,,y,) = R2, so one can find a finite set of indices Ay such that
max{| >, ca, Tn —al;[ 2,4, Yn — b} < 1, so we get property (iii) for p = 0. Assume that for some p € Ny
we have defined sets Ao, A1, ..., Ay, satisfying properties (i)-(v). By the reduction property applied to « =

_ ; — [p.2p+1 2r+l 2p+1
a_zneufioAi T, N = max Ag,+1 there exists Agpr1 = {77 < k3 C< Kt} C{N,N+1,...} such
1 J J 1
that [}, ca,  Tn— % < gorr and maxicjcmo, [ D5 Tpzee| < 75 and MaxX1<j<my, .,y | D1 Ypzr+1| < 35
We have
1
la — E Tn| = | g :cnf:c|<—2p+1
neUil A, n€Azp i1
and
4
|b_ Z yn|:|b_ Z yn|+| Z yn‘<7+27p op+1°
neuritA; neu A, n€Azp 41
Moreover

j j
Iy < Y wenl ] S0 <t4o =t
max X Ti2p+1 — A S max Xy2p+1 Tn —Q - -— = .
1<j<mapi1 - " ke 1< <mapi e . " or ' op  optl
neU;LyA; n=1 n=1 neU;Z,A;

In simillar way we prove maxi<j<ma, 1 | 2 ncu2r 4, Yn + Zfl,l Yy2r+1 — b| < z2r. We have already checked
Y = =0 T - n
(ii) and (iv).
Denote § = |a — ZneufiglAi @] < 5 and let M = min{n > max Asp41 : |yk| > 7525+ o] for each k >

n}. Since limy, o0 ||y"|| = oo, the inequality |yx| > %\xﬂ holds for all but finitely many k, so M is

well defined. Observe that by Proposition 3.1 both series >~ | &, Y .o, Y, are conditionally convergent.
k2T < k2T < < k22 1 with

Hence Y ),y is conditionally convergent, so one can find Ag,io = { o

k272 > M such that | D neuzrt2a, Yn — b < 57 and y, for n € Agy o have the same sign and
i=0 z

J i
| Z Yn + Zykip+2 7b| < | Z Yn + Zykizﬂr? *b|

neuPtt A, n=1 neUT A, 1
for every 4,5 € {0,1,...,map12}, i < j. Hence
’ 4
1o doownt ) wae b <[ Y u b <oy

neulPit A, n=1 neuPita,
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and
m2p42 Mapt2 1 4 5
Z [Ypzriz| = | Z Yyzrrz| < | Z = bl +1b— Z Yn| < op+1 + op+l  optl’
n=1 n=1 neuPi? A, neu?Pita,
Thus
map+42 map42 1
2:0+1 -
Z ‘.’Ek2p+2| < Z ‘yk2p+2| < 2p+1 —
2P+1 n=1
and consequently
! 1
1Sj12252{p+2 Z o+ Z Thrt? a| < 2p+1 0+0= 2p+1
nEU?iglAi n=1
which finishes the proof of properties (iii) and (v). From the construction we also obtain (i). Conditions

(ii), (iii) allows us to construct inductively the sequence (A4;)$2, of finite sets with given properties. Denote
Uisy A = {r1 <re2 <...}. By (iv) and (v) we get >~ (zr, , yr,) = (a,b) and by (i) we have (a,b) € A(zp, yn).
Hence A(zy,y,) = R2. O

The previous theorem helps us to construct a conditionally convergent series on the plane with two Levy
vectors, which achievemet set is R?. A wide class of such series can be constructed as follows.

Proposition 3.4. Let (x,),(yn) be nonincreasing segeuences of positive numbers tending to 0 such that
S 2, =3y, =00 and lim 2l =
n=1*n n=1JN —y ool 71|

(x2n>y2n)7v4n = (x2n7

—Yan) for every n € N. Then A(v,) = R2.
Proof. Let ¢ > 0, z € (0,¢), N € N. Let k = min{n : y, < ¢} and p = max{k, N}. Since 3.7 x, = o0
one can find A = {k; < k2 < ... < kp,} which is a subset of (4N — 1 U 4N) N [p,c0) with the property
4n —1 € A if and only if 4n € A for every n € N and such that 0 < 2 — 3 _, 2, < §. Recall that
maxi<;<m | Zﬁ:l Tr,| = Y neaTn < & < . Moreover for each r € N if 2r < m then fozl Yk, = 0 and if
2r+1 < m then Ziﬂrl Yk, = Y2r+1. Hence maxi<;<m | me:l Yk, | <e. If x € (—¢,0) then we take A which is
a subset of (4N — 3 U 4N — 2) N [p, 00) with the property 4n — 3 € A if and only if 4n — 2 € A for every n € N
and such that 0 < Y ., #, —2 < § and get the same results. Hence )~ | v, has the reduction property and
consequently by Theorem 3.3 we get A(v,) = R2. O

00. Letvapn—3 = (—Zan—1, —Y2n—1), Van—2 = (—Zoan—1, Y2n—1), Van—1 =

Example 3.5. Let vy,—1 = (Tan—1,Y2n-1) = (%, %

n € N. Thus L(v,) = {(0,1), (0

—1\" _1\yn+1
) = o) = (2, 2

,—1)}. By Proposition 3.4 we have A(v,) = R?.

) for every

In the previous section we have given sufficient condition for a conditionally convergent series > -, v;, to
have A,ps(v,) = R?, namely it needs to have three or more Levy vectors. Since Aaps(v,) C A(vy,), we also had
Av,) = R2. Now we consider series with two Levy vectors and show that Aps(vp) can be a strict subset of
the achievement set.

Proposition 3.6. Let Y~ | y, be a conditionally convergent series and Y- | @, be an absolutely convergent
series of positive terms. Define vy, = (Tn,Yn), then L(v,) = {(0,1), (0,—=1)} and Aaps(vn) # Avy).

Proof. Obviously {(0,1),(0,—1)} C L(v,). Let |Jv]] = 1 and (0,—1) # v # (0,1). Suppose that v is a Levy
vector for a series Y ° | v,. Hence the series Y~ , |z, | diverges as a sequence of projections into horizontal
line of (v;,), which contradicts with absolute convergence of Y 7 | .

Let Y07, v, = (z,y). Then (z,y) € A(v,) as a limit of the series for which it is enough to take €, = 1 for each
n € N. On the other hand if z = Zn 1 EnTn then g, =1 for each n € N is a unique representation, because
all of terms of (z,,) are positive. Hence Y 7 | enlyn| = D re; [yn| = 00, s0 (2, y) ¢ Aabs(vn). O

Below we give a simply example of a series being a mix of absolutely and conditionally convergent series.

Example 3.7. Let v, = (5,

=% for n € N. Then (1, —In2) € A(v,) \ Aups(vn).

It shows that it may happen that A,ps(vy,) # A(v,). For a given example it easy to see that A(v,,) C [0, 1] xR.
If a series ZZO=1 vy, has at least three Levy vectors, then by Theorem 2.7, A(v,) = Aaps(vn) = R%. The next
example shows that A(v,) = R? does not imply that A,ps(v,) = R? — clearly by Theorem 2.7 the constructed
example has to have exactly two Levy vectors.
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Example 3.8. Let ng =0, nx = 4k +ng_1 for k € N. Let z,, = 4%, Yn = 2% for n € (ng—1,nx]. We construct
(vn) = (vZ,vY¥) in the same way as in Proposition 3.4. Hence A(v,) = R%2. We will show that A,ps(v,) # R?,

more precisely Aaps(v,) N {%} x R = 0.

Suppose to the contrary that there exists A C N such that >, ., v% = & and >, 4 [vY4| < co. Then there

ncA Un

exists k E N such that for each m > k set A consists of less then 2™ elements v, for which |[vf] = 47}12 and
[v¥| = 7. Hence
DIEED o
nEA,|v£'|§ 1

We will prove inductively that > 1 42: < —— for n € N. Note that > °_, 42: <> i—, = 1.
Assume that > °_ fm < Joo —pr for some n € N We will show that > " 42m; <3 4n 4:2. We have

S om S 2m+1 e 2m+1 ) o0 om

Z 4m? = Z 4(m+1)2 = Z gm? . g(m+1)2—m?2 < 4(n+1)2—n? Z gm?2°

m=n+1 m=n m=n m=n

Thus by the inductive assumption we obtain

o0

2m 2 _ 2 _ 1
Z ) 4gm? < 4(n+1)2—n2+(n—1)2 = yn24+2 T g . yn?"
m=n-+

In particular we have

. 1
> il <ggm

neA,|vg, I<W

: rz _ 1 T __
Since ), .4 vy = 3, then | Znemvﬁ\zﬁ vf — 3] < 4k2 . Note that ZnEA,Ivﬁlzﬁ vy, = k= for some p € Z.
We have

k 1
4n—n 4k2 1 1 1 1 2
— = = =-- <-<cH—0.
; 4n* Z4" 3 3.4k 3 3+3~4k2
Thus min{| iz — tlia€Z} = W' Hence = 4k2 < |k - i< 4k2 which yields a contradiction.

4. EXTREME EXAMPLE AND OPEN PROBLEMS

As we have mentioned in the Introduction this section is devoted to the construction of a series in the plane
such each vertical section of its achievement set has at most one element.
We define positive real numbers x7 > x2 > ..., natural numbers 0 = Ny < N; < Na,... inductively as

follows. First we define 1 = 1 and N; = 1. Define 6; = 1. Let n be such that i:ff; =1. Put Ny = N; + 27
and zn,4+; = % + ﬁ for: = 1,...,2". Put §y := min{|Z£V:2Nl+1 &xil + & € {—1,0,1} and &; # 0 for
42%. Suppose that we have already defined N7 < Ny < .-+ < Nj and z; for i < Ny
such that (1)-(3) hold. Let n be such that % = 1. Put Nyy1 = Np +2" and zn, 45 = 2,575“ + 2217% for

some i} = 22% =

t=1,...,2" Put dx1 := min{| Zf\fﬁiﬂ x| & € {—1,0,1} and & # 0 for some i} = 22% = 42". Note
that g1 < _4‘,1%, ZZV’“Nk 41T >land 2 < 4,‘3% fori=Np+1,..., Npy1.

Lemma 4.1. Let (¢;), (¢}) € {0, 1} be distinct and such that Y oo, (—=1)'e;z; = Y oo (—1)}a;. Then

Ni41 _ Ni41 . 5
K 2!
Yo (VDami— Y (—1)ig| = ‘ > T — > xz‘ 235

i=Ng+1 i=Nj+1 i€ (N, Ny 41]N2N,e;#¢/ i€(Ng, Ny 1] (2N—1),¢, ¢}

for infinitely many k. Moreover, for infinitely many k

|1{i € (N, Nia] 02N &5 # 21} = {i € (Ni, Nia] 0 (2N = 1) 5 &5 # 1} | > 4%
Proof. We start from proving the following.
Claim. Let j,k € N be such that €; # 8; and Ny < j < Ngi1. Then

Ni41 N1

Z (—1)'esai — Z (=1)'ela;

i=Nk+1 i=Ng+1

> Opy1-
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We have

(Sk N —-N .
o o—2Nk+17NE 4
Z Sili = u2 . Qk+1 + Z €i2
1€(Ny,Nk11]N2N 1€(Ny,Nk11]N2N

where u stands for |[{i € (Ny, Np41] N 2N : g; = 1}|. Similarly

(S}C N -N .
Poe 1o—2Nk+1 7Nk
E Sili =W oy + E €;2

i€(Ng,Niy1]N2N i€(Ny,Ny41]N2N
Ok _oNkp1-Np _;
> swi=viTeT b ) €2
ZE(Nk,Nk+1]ﬁ2N—1 1€(Nk,Nk+1]r12N—1
6k _oNk41-Ne
/ o / 27 k+ 7
ZE(Nk,Nk_Fl]ﬂszl ZE(Nk,Nk+1]ﬂ2N 1
where u = |{i € Nk,NkH] N2N: e =1}, w = |{i € (Nk, Ngg1]J N2N =1 :¢; = 1} and v’ = |{i €
(Nk, Neg1] N 2N = 1: ¢} = 1}|. Let fz = ( 1)"(e; — €5) € {—1,0,1}. Note that & # 0. Thus
Nipt1 _ Niy1 |u o Ul|5k |1} _ 'U/|5k N1 N1~
i / _ 1= —1| _
Z (=1)'eii — Z g _‘ 9. 4k+1 9. gk+1 + Z &2 ‘tQ 4k+1+Rk‘
1=Ng+1 1=Ng+1 =Ng+1
where ¢ is an integer and 0 < dp41 = m < Rp < W If t =0, then
Ok
2 IS +Rk‘ = |Rg| > k1.
If t # 0, then
_ Tk Or ! > 6
’t 4R+ +R’“‘ =2 gkl T NNy | = R
This finishes the proof of the Claim.
Suppose on the contrary that for all but finitely many k& we have
Nit1 Nij1 S
1 ‘ —1)'eim; — ~1)elz;| < 2.
(1) lZ(l)sx '2(1)5,x<2
i=N;+1 i=N;+1
Note that there is k£ such that
Niq1 _ Nij1 ‘ Nyt . Ny ' 5,
(2) ’ Z (—1)161‘$i — Z (—1)1621‘” > 6k+1 and ‘ Z (—l)lsixi — Z (—I)ZEI;ZEIL' < 5
i=N;+1 i=N;+1 i=N;+1 i=N;+1

for all [ > k. Indeed, if (1) holds for every [, then by the assumption there is j with €; # €}. Let k be such
that Ny < j < Ng41. Then by the Claim we obtain (2). If (1) holds for all but finitely many I, then find &
such that (1) holds for every I > k and

Nit1 Ni41
‘ Z (—1)182$Z — Z (—1)152‘%1 > = > 5k+1
i=Np+1 i=Ng+1
Then
Ni41 Ni+1 0o 00
Oy1 < ‘ Z YVieiw; — Z (—1)'ela;| < ‘Z(—l)iaixi - Z(—l)laixi +
i=1 i=1 i=1
Nigq Niy1
S| X W 3 ] < B Bt P < M
I=k+1 i=N,+1 i=Ni+1
A contradiction.
The moreover part of the assertion follows from the fact that x; < 4,‘2% for i € (N, Ngy1]- O

Let y; = ¢ for i € (Ni, Ni41]. Consider a series oo, ((—1)'z;, (—1)'y;).

Lemma 4.2. Let (g;) € {0,1} be such that > ;2 ;((—1)'z;, (— 1)%y;) is convergent. Then for every (e}) €
{0, 1} such that (g]) # (ei) and Y oo, &i(—1)iw; = > oo, eh(—1)ia; a series Y ooy ei((—=1)'xi, (—1)%y;) is diver-
gent.
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Proof. By the moreover part of Lemma 4.1 there are infinitely many & such that
’\{z’ € (Ne, Nieqa] V2N e £ 3 = [{i € (Nj, N ] N (2N — 1) : &; # s;}\‘ > 4*,

That means that for infinitely many &

Niy1 Ngy1 Niy1 Ngy1

k
® | X atvu- X aenul=| Y atug- YAy g =2

i=Np+1 i=Np+1 i=Np+1 i=Ng+1
By the Cauchy condition for Y 2, &;((—1)%x;, (—1)%y;) for almost all k

Nit1

> a1y

i=Ng+1

<1

Therefore for infinitely many k&
Ni41

’ Z ei(=1)'yi

i=Ng+1
This shows that the series > .- /((—1)"z;, (—1)y;) does not fulfill the Cauchy condition. O

>k 1.

By Lemma 4.2 the series Yoo ((=1)"z;, (—1)"y;) has the desired property that each vertical section of
A((=1)*z;, (—1)'y;) has at most one element.
We would like to end the paper with the list of open questions.

Problem 4.3. Let > 07 (zn,yn) be a conditionally convergent series on the plane with SR(xzy,,y,) = R?. Is
the reduction property necessary for A(x,,y,) = R??

It is sometimes hard to check the reduction property. In particular we do not know the answer for the
following.
Problem 4.4. Does A(%, %) =R2?

We have constructed two series with SR(z,,) = R? and A(z,) # R? — the first in [3] and the second in this
section. Both of them are small subset of the plane. We would like to know if this is the general phenomena.

Problem 4.5. Let Y.~ |z, be a conditionally convergent series on the plane with SR(z,) = R?. Is it true
that if A(z,) # R2, then A(x,,) is a set of Lebesque measure zero or of the first Baire category?

Suppose that >_°° | x, is a series with SR(z,,) = R? and A(z,,) # R?. Take a € R*\ A(z,,). Since SR(z,,) =
R?, there is a permutation o of natural numbers such that Y | #(,) = a. Therefore a € A(2,(,)). This
shows that the achievement set of conditionally convergent series is not invariant under taking rearrangements.
On the other hand a rearrangement does not affect Levy vectors. Therefore if Y | x,, has at least three Levy
vectors, then A(zq(n)) = R? for any permutation ¢. We do not know what happens if the series has only two
Levy vectors.

Problem 4.6. Let Y |z, be a conditionally convergent series on the plane such that SR(z,) = R?, A(z,) =
R? and |L(x,)| = 2. Is it true that A(z,(n)) = R? for any permutation o?
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