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ACHIEVEMENT SETS OF
CONDITIONALLY CONVERGENT SERIES

BY

ARTUR BARTOSZEWICZ, SZYMON GLAB and JACEK MARCHWICKI (Lo6dz)

Abstract. Considering the sets of subsums of series (or achievement sets) we show
that for conditionally convergent series the multidimensional case is much more compli-
cated than that of the real line. Although we are far from the full topological classification
of such sets, we present many surprising examples and capture the ideas standing behind
them in general theorems.

1. Introduction. S. Kakeya [Ka|] was probably the first one to consider
topological properties of subsums of absolutely convergent series of real num-
bers. For an absolutely summable sequence (), we call the set

A(z,) = {i entn : (en) € {0, 1}N}
n=1

the set of subsums or the achievement set of (x,,) (or of the series ) xy,) [J].
Of course, for (z,,) with almost all terms equal to zero, the set A(z,,) is finite.
Kakeya has shown:

THEOREM 1.1. For an absolutely summable sequence (xy,) with infinitely
many nonzero terms:

o A(xy) is a compact perfect set.

o If |xn| > D 4on |Tk| for almost all n then A(xy) is homeomorphic to the
Cantor set (after M. Mordn we call such sequences quickly convergent).

o If |zn| <D oy |zk| for almost all n then A(xy,) is a finite union of closed
intervals. Moreover the implication can be reversed for monincreasing se-
quences (|zy]).

Kakeya conjectured that Cantor-like sets and finite unions of closed in-
tervals are the only possible achievement sets for sequences (z,,) € ¢1 \ coo-
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2 A. BARTOSZEWICZ ET AL.

Kakeya’s results were rediscovered many times and his conjecture was re-
peated, even after the first counterexamples were given. The first coun-
terexamples were published by Vainshtein and Shapiro [VS], Ferens [F] and
Guthrie and Nymann [GN]. Thanks to Guthrie, Nymann and Saenz |[GN| [NS]|
we know that the achievement set of an absolutely summable sequence can
be a finite set, a finite union of intervals, homeomorphic to the Cantor set, or
a so called Cantorval. A Cantorval is a set homeomorphic to the union of the
Cantor set and sets which are removed from the unit segment at even steps
of the Cantor set construction. That gives a partition of ¢; into four disjoint
sets. Topological and algebraic properties of these sets were recently consid-
ered in [BBGSI, BBGS2|. Some sufficient conditions for a given sequence
to be a Cantorval were recently described in [BBES| [BFS| [J]. The connec-
tions between achievement sets of some absolutely summable sequences and
self-similar sets were observed in [J].

If >°>° | @y is an absolutely convergent series in a Banach space, then the
function {0, 1} 3 (g,) + Yo% | £, maps continuously the Cantor space
{0, 1} onto A(x,,) (see for example [BG]). In particular, A(z,) is compact.
We will prove that this function is also continuous if the series Y 7 |z, is
unconditionally convergent. This will follow immediately from Lemma [1.2
below. It is well-known [KK|, Theorem 1.3.2, p. 10] that a series Y~ | z;, in
a Banach space is unconditionally convergent if and only if each series of the
form .4z, A CN, is convergent.

LEMMA 1.2. Assume that Y .2 |z, is an unconditionally convergent
series in a Banach space X. Then for every € > 0 there is N € N such

that for every set A C N,
| = s

kEA\{L,..., N}

Proof. Suppose to the contrary that there is € > 0 such that for every N
thereis AC {N +1,N +2,...} with

5ol <
keA

For N =1 find Ay with ||}, 4, 2kl > €. There is a finite set F1 C Ay
with || > e k[l > €. In the second step for N = max Iy find Ay C {N +1,
N+2,... } with || > pca, Tk|l > €. As before we take a finite set F» C Ag with
| > rer, Tkl > €. Proceeding inductively, we produce finite sets F1, Fb, . ..
such that max F; < min Fi11 and || >y 2kl > €. Set A = ;5 Fi. Then by
the Cauchy condition the series ) | - 4 ;, diverges, which is a contradiction. m

One can also define the achievement sets for all sequences in Banach
spaces. Then one should only consider those sequences (g,) € {0,1}" for
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which Y0 | enxy, is convergent. We say that a series > | @, is potentially
conditionally convergent if it has a conditionally convergent rearrangement
>y Ty(n)- On the real line, this means that both the series of positive
and that of negative terms are divergent. Note that the difference between
potentially conditionally convergent series and conditionally convergent se-
ries is slight: a potentially conditionally convergent series can be divergent.
However, this notion allows us to formulate the following characterization.

THEOREM 1.3. For sequences of reals with lim,, oo x, = 0:

o > %, xy, is potentially conditionally convergent if and only if A(xy,) = R.
o The subseries of negative terms is convergent and the subseries of positive
terms is divergent (or vice versa) if and only if A(xy) is a half-line.

For simple proofs see for example [BFPW| [Jl, IN1]. If (z,,) does not con-
verge to zero, then A(z,) is always an Fy,-set |J]. So, for conditionally conver-
gent series of reals the achievement set A(z,) is R, exactly as the sum range
SR(zy), the set of all rearrangements ) | Z5(,), by the classical Riemann
Theorem on permutations of conditionally convergent series.

The Riemann Theorem can be generalized to finite-dimensional spaces.
Before we state it precisely let us consider a couple of examples. Note that
SR((—1)"/n,(=1)"/n) = {(z,x) : x € R}, SR((—1)"/n,0) = R x {0} and
SR((—=1)"/n, (—=1)"/y/n) = R? (the latter is not obvious). This shows that a
straightforward generalization of the Riemann Theorem is not true. However,
we have the following theorem, the proof of which can be found in [KK].

THEOREM 1.4 (Steinitz). Let Y ", x, be a conditionally convergent se-
ries in R™. Then the set SR(x,) = {3 02 To(n) : 0 € Seo} of all convergent
rearrangements of > o2 | xy, is an affine subspace of R™. More precisely, if
I'={fe@®m)* 32 |f(zn)] < o}, and I't = {x € R™ : f(z) =0 for
all f € I'} is the annihilator of I', then

SR(zn) = > an+ T
n=1

The aim of the present paper is to show that in multidimensional spaces
A(zy,) can essentially differ from SR(z,,). We observe e.g. that for the achieve-
ment sets A(z,) of conditionally convergent series in R? the following situ-
ations are possible:

e A(z,) NSR(zy) can be a singleton (Example 3.3)), and it is always non-
empty;

A(zy) can be the graph of a function (Example [3.10);

A(z,,) can be a dense set in R? with empty interior (Example ;
A(z,) can be neither an F;; nor a Gs-set (Theorem [3.9));

A(z,) can be an open set # R? (Theorem ;
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On the other hand, to obtain regular achievement sets let us make a simple
observation. Let X be a Banach space. Suppose A = A(x,,) and B = A(yy)
are achievement sets in X. Then

AX B= A((:L‘l, 0), (0, yl), ($2, 0), (O,yg), .. )

IfT:X — Y is a bounded linear operator from X to some other Banach
space Y, then
T(A) = A(Txy,Txo,...).

Now take any conditionally convergent series >~ | x, and absolutely conver-
gent series > | Yy, both on the real line. Then A(zy,) =R and A(y,) =C
is a compact set. By the above observation there are conditionally convergent
series on the plane whose achievement sets equal R x C, R? or any rotation
of R x C.

As far as we know, the achievement sets of series in multidimensional
spaces were considered in a few papers only. For example, Moran [M1l, M2]
studied quickly convergent series. The series considered by Bartoszewicz and
Glab [BG] are also absolutely convergent. So our paper is probably the first
one on achievement sets of conditionally convergent series in R™ for n > 1. On
the other hand, properties of sum range sets are well-studied [KK]|. A strong
suggestion to consider achievement sets of series in multidimensional spaces
was given by Nitecki in his nice lecture [N1] (a shorter version of this survey
is [N2]).

2. Cardinality of achievement sets. In this section we study the
cardinality of achievement sets in Banach spaces. Then we prove that the
achievement set of a conditionally convergent series is perfectly dense in itself,
that is, for any point  which can be achieved and any £ > 0, the intersection
of the achievement set and the ball B(x,¢) contains a perfect set.

PROPOSITION 2.1. Let X be a Banach space and let (z,,) be a sequence
of elements of X.

(i) If there are finitely many nonzero x,’s then A(xy,) is finite.

(ii) If there are infinitely many nonzero x,’s and there is 6 > 0 such that
|lzkl| > 6 for any nonzero xzy then A(zy) is infinite and countable.
Moreover if X is finite-dimensional then A(xy) is unbounded.

(iii) A(zy) contains a perfect set otherwise.

Proof. (i) Let zy,,...,xk, be all the nonzero terms of (z,). Then
card A(z,) < 2™.

(ii) Since zero terms do not affect the achievement set, we may assume
that (1,,) consists of nonzero elements. First, we consider the case of X = R¥
with the supremum norm. Then z, = (x,(1),...,2,(k)). Without loss of
generality we may assume that the set F; = {n € N : x,(j) > ¢} is infinite for
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some j < k. Hence ) F; Tn (j) = o0, so the achievement set is unbounded
and therefore infinite.

In general, if {x,, : n € N} spans a finite-dimensional space, then we may
assume that X is finite-dimensional and therefore isomorphic to R¥ with the
supremum norm. If {x,, : n € N} spans an infinite-dimensional space, then
{zy, : n € N} is an infinite set contained in A(zy,).

To see that A(z,) is countable, note that no subsequence of x,, converges
to zero. Therefore every element of A(x,) is a sum of finitely many z,’s.

(iii) The negation of the first two conditions means that there exists an
infinite subsequence (x,,) of nonzero terms which tends to 0. We may assume
|2l < llzn]l/3 for every I € N. Then {0,1}¥ 5 (5) & S5°, ea, is
injective: To see this, assume that g # ¢; for some j € N. We have

(e.9] oo oo o
H N ewn — Y Ewn|| = H (e —awn|[ < Y llanl

I=j+1 I=j+1 I=j+1 I=j+1

< Sllan, Il < Ml .

Hence
o0 (o] (o) (o]
HZ ElTn, — Zglmnz‘ = Hijnj —?jarnj + Z ElTn, — Z E1Tn,
=5 =5 l=7+1 l=j+1
(o] (o)
> llejon, = Son,ll = | D etwn = > Fam,
I=j+1 l=j5+1
o (o @]
= ||z, || — H E1Tn, — Z g1Tn, || > 0.
I=j+1 l=j5+1

This implies that there exists » < j such that &, # ¢,. After finitely many
steps we get €1 # 1. But

(o] (o) o0 o0
HZW”I =S 5w 2 el - Hzg,xm -3 Fa, H > 0.
=1 =1 1=2 1=2

Since Y 72, @y, is absolutely convergent, the mapping f is continuous. Hence
A(xp,) € A(z,) is a continuous injective image of the Cantor space {0,1}". u

PROPOSITION 2.2. Let Y > | xy be a conditionally convergent series in
a Banach space X. Then A(xy,) is perfectly dense in itself.

Proof. Note that the set { _px, : F is finite} is dense in A(xz,). Let
r € A(z,) and € > 0. There is a finite set F such that ||} _p 2z, —z| <e/2.
Using the same method as in the proof of Proposition (iii), we find a
subsequence z,, of z, such that {n; : l e N}NF =0, Y%, ||y, || < &/2 and
A(zy,) is a perfect set. Then ) _pxp + A(zy,) C B(z,6) NA(2y). =
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3. Achievement sets of conditionally convergent series. We start
this section by considering the instructive example of the conditionally con-
vergent series > oo ((—1)"*1/n,1/2") in the plane. The achievement set of
this series has several properties which show that the theory of achievement
sets of conditionally convergent series in multidimensional spaces is much
more complicated and interesting than that of one-dimensional series. The
analysis of this example will lead us to some general observations:

e First we note in Proposition that every conditionally convergent series
in R™ either has sum range R (first type series), or it is, up to linear
isometry, of the form Y"°° | (zy,y,) where z,, € R¥ y, € Rm7F S 4,
is conditionally convergent with sum range R¥, and Y n2 | Yn is absolutely
convergent (second type series).

e We will observe that the closure of A((—1)"*1/n,1/2") contains the sum
range SR((—1)""!/n,1/2"). This is a general fact in every Banach space
(Lemma [3.2)).

e We will observe that the closure of A((—1)""!/n,1/2") equals Rx A(1/2").
A similar general fact is true in Euclidean spaces (Theorem [3.5)).

e The achievement set A((—1)"*!/n,1/2") is not closed. This phenomenon
is generalized in Theorem [3.7]

o The series Y o0 | (2/3", (—1)"*1/n), considered in Example [3.10} a slight
modification of that from Example [3.3] has an achievement set which
is neither F, nor G5. A wide class of series with that property is given
in Theorem [3.9] In the proof we observe that the achievement set of a
conditionally convergent series is always an analytic (or 1) set.

The series from Example [3.3]is of the first type. By Lemma [3.2] the achieve-
ment set of a series of the second type is dense in the whole space. One
can easily give an example of a series whose achievement set is actually the
whole space. It is much harder to give an example of a series of the second
type whose achievement set is smaller. We will present it in Example
its achievement set will be a null subset of the plane.

The following observation, which is probably mathematical folklore, al-
lows us to consider only two types of conditionally convergent series in Eu-
clidean spaces.

PROPOSITION 3.1. Let > >° | xy, be a conditionally convergent series in R™
such that dim(I't) = k < m. Then there exists an isomorphism (T1,T)
€ L(R™,R* x R™%) such that > o, Ty (wy,) is conditionally convergent with
SR(Y-0%  Ti(z)) = R* and 00| To(wy,) is absolutely convergent in R™=F.

Proof. Let k = dim I'*t and let Y be the orthogonal to I'* so that R™ =
I't @Y. Let eq,...,en be the standard basis of R™ and let €, ..., €., be

rEm

an orthogonal basis of I't @ Y such that I't = span{e},...,e,} and Y =
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span{e}_1,...,€p,}. Let T : R™ — I't ®Y be a linear isomorphism such
that T'(e;) = ¢} for every ¢ = 1,...,m. For x = >, x(i)e; let Th(z) =
Ele w(i)e; and To(x) = 30", ) 2(i)e). Then T' = (T1, Tp). Let fi(x) = x(3).
Then f; € I' for i > k, which means that >, [|T5(zy)|| < oo.

Let A= {f e (I't)*: 32, |f(Ti(zn))| < o} Let m<p : R™ — RF be
the projection onto the first & coordinates. For f € (I' L)* define f € (R™)*
by f(z) = f(r<p(x)). Then f e A= f el & f=0<«< f=0. Thus
A = {0}, and by the Steinitz Theorem, SR(Ty(x,)) = A+ = RF

Note that a linear isomorphism 7' does not change the geometrical or
topological properties of subsets of R™. Therefore we will assume that a
conditionally convergent series in R™ either can be rearranged to get any
point of R™, or it is of the form > 7, (2p,yn) where z,, € R*, y, € Rm—F
SR(z,,) = R and Y °° | y, is absolutely convergent.

The following lemma shows a relation between the sum range and the
achievement set of a series.

LEMMA 3.2. Let Y 7, x, be a conditionally convergent series in a Ba-
nach space X. Then SR(z,) C A(zy,).

Proof. Let ¢ > 0 and = € SR(xy). Then = = Y 7,
0 € Se. One can find a natural number k such that ||z — S2F_, Tomll <e.
Denote A = {m : o(n) = m,n < k} = o({1,...,k}) and define ¢, = 1
for n € A and ¢, = 0 otherwise. Then Zszl To(n) = Dmei EnTn, SO

|z — > 07 entnl| <e. Hence z € A(zy,). =

Ty(n) for some

EXAMPLE 3.3. Let 2, = (a4, 2%") = ((=1)"*1/n,1/27) € R2. Then
clearly > >° |z, = (log2,1). By the Riemann Theorem for every « € R one
can find o € Sy such that z =) 7 | x(l() ) Since permutating indices does

not affect the sum of an absolutely convergent series, we have >~ | x(Q() )= =1.

Hence SR(z,) = R x {1}. Let D = {33F_ £,/2" : (e,) € {0,1}*, k € N}
be the set of all dyadic numbers in [0,1). Then for every d € D there are
keNand (,) € {0,1}F with d = YF_ ,,/2". Set Fy:={n <k:e, =1}
After removing finitely many terms from a conditionally convergent series,
we still have a conditionally convergent series. Therefore SR((zn)nem ) =
R x {1 —d}.

From Lemmawe get SR((zn)nem ) € A((Zn)nem r,) € A(zn). Since
deD << 1—de D, we have ;e p(R x {d}) € A(x,), and consequently
Udep (R x {d}) € A(zx,). But D is dense in [0, 1], so

J®x{d})=Rx [J{d} =RxD=Rx|[0,1].

deD deD
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Thus R x [0,1] € A(zy,). The reverse inclusion is obvious; therefore A(z,) =
R x [0, 1]. Suppose (z,1) € A(zy). The only way to get > >, enz'?) =1 for
some (g,,) C {0,1}" is to take ¢, = 1 for each n € N. Hence z = log 2. This
proves that the only point with second coordinate 1 which belongs to A(zy,)
is (log2,1). Thus A(x,,) is not closed. Finally, recall that SR(z,) =R x {1}.

Therefore A(zy,) N SR(zy,) = {(log2,1)}.

Lemma implies that the achievement sets of conditionally convergent
series in finite-dimensional spaces are unbounded. The situation changes in
infinite-dimensional Banach spaces.

EXAMPLE 3.4. Let (e) be the standard basis of ¢y. Let (z,,) be the
sequence

1 1 1 1 1 1 1 1 1 1
€1, —€1, 562, —5€2, 5€2, —5€2, 3€3, —3€3, 363, —3€3,3€3, “3€3,. ...

Then Y >, x, is convergent to zero, while its rearrangement

61—61+%62+%62—%62—%62—{-%63—{—%634—%63—%63—%63—%634-"'
is divergent, since the sequence of its partial sums contains each e;. Since
the projection of the series on each coordinate contains only finitely many
nonzero terms and a finite sum does not change under rearrangements,
we have SR(}> .07, xn) = {0}. Let X, = {k/n : k € [-n,n] N Z}. Note
that A 02, zn) = ([1h2; Xn) N co. Therefore A(> 72 | xy,) is closed and
bounded.

It can happen that SR(z,,) = A(z,). For example:

o A((~1)"/n,0) = R x {0} = SR((—1)"/n, 0).
o A((=1)"/n,(=1)"/n) ={(z,z) € R} =SR((=1)"/n,(=1)"/n).

o If Y >° &, and > o7, y, are conditionally convergent on the real line,
then

A((1,0),(0,91), (x2,0), (0,42),...)
= SR((x1,0), (0,41), (x2,0), (0,32), ...) = R%

Note that if Y>>, x, is a conditionally convergent series in a Banach
space X, then A(zy,) and SR(z,) intersect, namely > ° z, € A(z,) N
SR(zy). Note that in Example A(zy,) NSR(zy,) is actually a singleton.

Using the idea from Example 3.3 we will prove the following.

THEOREM 3.5. Let (z,) C R¥ be such that S0 x, is conditionally
convergent with SR(w,) = R¥, and let (y,) C R™ be such that 300, yy is

absolutely convergent. Then A(x,,yn) = RF x A(y,).
Proof. “C”. Tt is easy to see that A(xy,yn) € A(zy,) X A(yy). Therefore
Az, yn) C A(xy) X A(yn) = A(zy) X Ayn)-
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Since SR(z,) = R*, by Lemma we get A(z,) = R*. By the absolute
convergence of Y > |y, the set A(yn) is compact, so A(yn) = A(yn).

“2" Let (z,y) € R¥ x A(y,) and € > 0. Since y = Y% | ,y,, for some
(en) € {0,1}N, there exists k. € N such that |y — S0 e,yn]| < e for
every N > k.. Since Y, yn is absolutely convergent, we may assume that
Yok lunll < e Let K ={n <ke:e, =1} = {k1 <--- < ki}. Define
o(n) =k, forne{l,... 1}

Note that if SR(z,) = R¥, then SR((#,)n>k.+1) = R¥ as well. In par-
ticular x — Z,lnzl xk, € SR((@n)n>k.+1). Therefore there exist M € N and
a one-to-one mapping 7 : {ke +1,..., M} — {ke + 1,k- + 2,...} such that
Haj—zln:l xkn—zf\f:keﬂ Tr(p)|l < €. Enumerate the range 7({ke+1,..., M})
as {kj+1 < -+ < kj3p} and define

En ngkaa
=191 n=kyforie{l,...I'},

0 otherwise.

Then

Hzgny" 2571% *H Z Enlin — Z Sn¥n

n=kes+ n=ke+
o o
—| 3 et D wall <=
n=ke+1 n=ke+1

Hence ||y — > 02, dnynl| < €. Moreover

o
Hx—g onZnll = ||l — E OnTy — E 5kl+nxkl+n
n=1

n<ke
I+ I+
= ||z — Zanxn— Z Tk, :Hm— an— Z Tk,
n<ke n=I[+1 nek n=I[+1
l M
=lle=> = D T
n=1 n=kes+1

Since all norms in a finite-dimensional space are equivalent, there is C' > 0
such that

H ién (Tn, Yn) <Cmax{Hx—Z§nxn
n=1

Thus (x,y) € A(xn,yn), which finishes the proof. =

}<C€

Hy Z5nyn
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Now, we present a sufficient condition for a conditionally convergent series
to have an achievement set which is not closed. Here we again use the idea
from Example [3.3]

LEMMA 3.6. Let Y .7 |y, be an absolutely convergent series in R™ with
yn 7# 0 for each n € N. Then for every extreme point a of A(yy), there is a
unique sequence (g,) € {0, 1} such that a =Y 0% | epyn.

Proof. We will show that a is achieved for a unique (g,,) € {0, 1}, Sup-
pose on the contrary that a = Y 00 enyn = D poy Onyn for two distinct
sequences (¢,) and (dy,), and set M = {n € N : ¢, # 6,}. Divide M into
M.={neM:e,=1,0,=0}and Ms={ne M:e,=0,9, =1} Then
a= ZneME Yn + ZneMc EnYn = Zne]\/]5 Yn + ZneMc EnYn, SO

a:% Z Enyn'i‘%(Z Yn + Z Enyn) :%b‘i‘%c-

neMe¢ neM neMe¢e

As b= ZneMC €nYn and ¢ = ZneM Yn + ZneMC EnlYn, we have b, c € A(yy).
Since a is an extreme point of A(y,), we get b = ¢, so ZnEM yn = 0. Since
each y, is nonzero, M has at least two elements. Assume that ng € M,
then yn, + > jean fnoy Yt = 0. Define b' = b + y,, and ¢ = ¢ — yp,. Then
b, € Ay,). We have a = %b’ + %c’ , and using again the assumption that
a is an extreme point, we get b’ = ¢. But then y,, = D leM\ {no} Y1 and
Y nea Yn =0, and so y,, = 0, a contradiction. m

THEOREM 3.7. Let > o> | xn be a conditionally convergent series in R*
with SR(z,,) = R*, and 3"°° | y,, an absolutely convergent series with yy, # 0
for each n € N. Then A(xy,yy) is not closed.

Proof. Let a be an extreme point of A(y,); such a point exists be-
cause A(y,) is compact. By Lemma a has a unique representation
a =Y -7 enyn. Hence, the a-section of A(xy,yy) is a singleton if >~ >° | epay,
converges, and is empty otherwise. On the other hand, {(z,a) : * € R¥} C
R* x A(yn) = A(n,yn). Hence, A(zy,,y,) is not closed. m

Now, we will prove that the achievement set of a conditionally convergent
series need not be Fy, or G. This will apply to the series from Example [3.10]

Let us start by recalling some notions from descriptive set theory. A topo-
logical space is Polish if it is completely metrizable and separable. An Fs
subset A of a Polish space X is called I13-complete if for any zero-dimensional
Polish space Y and for any Fjs subset B of Y there is a continuous func-
tion f:Y — X such that f~1(A) = B. It is known that II3-complete sets
are F, s but not Gg,. To prove that an F,s subset C' of a Polish space Z
is TI9-complete, it is enough to take a known example A of a II3-complete
subset of a Polish space X and find a continuous function g : X — Z such
that g=1(C) = A. For more information, see [Ke].
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PROPOSITION 3.8. Let > > | xy, be a conditionally convergent series in R
such that A(z,) = R. Then E = {(e,) € 2V : 3°° | ez, converges} is a
19-complete subset of {0, 1},

Proof. Note that

M
(en) €E & VkENEIZGNVM>m>Z<‘Zen:cn

1
<-).
<)
Therefore E is an Fjs5 subset of 2V,
To prove that E is Hg-complete, we will use the fact that the set
Cs3 = {U e NV lim v(n) = oo}
n—o0
is TI3-complete (for details see [Ke, Section 23A]). It is enough to construct
a continuous function 1 : NN — {0, 1}N such that v € C3 < ¥(v) € E.
The spaces {0, 1} of all 0-1 sequences and N of all sequences of natural
numbers are considered with the metric d(z,y) = 27" where n = min{k :
x(k) # y(k)}.
One can inductively define sets F;,, = F,,(v) and H,, = Hy(v) such that
Fy = Hy = () and for every n > 1:

(i) F,, < Hp, < Fp41, that is, max F,, < min H,, and max H,, < min F,;
(ii ’ZkeFlquu UF, TR <277

)
)

(i) | X kemumu-uE,UH, Tk — 2 M} <27

(iv) z <0for k € U, Frn, and x5 > 0 for k € U,,51 Hy.
ote
) =

that the above construction can be done uniformly in the sense that if
V(i) for i < mn, then F;(v) = F;(v") and H;(v) = H;(v') for i <n.
Now, we define ¢ : NY — {0, 1} as follows. Let ¥(v) be the characteristic
function of \Jo2,(Fn(v) U Hyp(v)). Since the construction is uniform, for
v,v' € NN such that v(i) = V(i) for i < n we have d(¢(v),(v)) < 27"
Therefore 1 is continuous. We will prove that v € C3 < > % ¥(v)(n)z,
is convergent.

If v ¢ Cs, then there are m € N and an infinite set L C N such that
v(l) = m for all [ € L. Thus by construction, the series Yo", ¢ (v)(n)z,
diverges, since the sequence (22;1 Y(v)(n)xy,) of partial sums has, by (ii)
and (iii), two accumulation points, 0 and 27™.

If v € C3, then 279 — 0. Let ¢ > 0. There is | € N such that
27v(M) 27" < ¢/2 for n > 1. Let n > I. By (ii) and (iii) we obtain

v(i

max Fp,

3 xk‘:‘ ; @b(v)(k‘):pk‘<2_"<s

keF1UH U---UF,
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and
max Hp,

’ S g2 :’ 3 G()(R)ap—2 ] <22 <,

ke MUH,U---UF,UH,, k=1

By (iv) we also have |E£/[:1 Y(v)(k)zg| < 27" for every M > max H;. Thus
>oo0 L (v)(n)x, converges to zero. m

A result similar to Proposition (3.8 was proved by Cohen [C]: if > > | x,,
is a conditionally convergent series in R™, then the set of all permutations o
such that >~ >7 Ty (n) CONVErges is a Hg—complete subset of S.. The example
of a Hg—complete set in Proposition will be used to prove the following.

THEOREM 3.9. Let > >° |z, be a conditionally convergent series in R,
and let Y > | yn be an absolutely convergent series in R such that the function
{0, 13N 5 (g,) = Y20° | enyn is one-to-one. Then A(wy,,yy) is a Borel subset
of R? which is neither G5 nor F,.

Proof. Note that

(x,y) € A(xnyyn) A

1 )
<—,
m

k k
1
d(en) € N m 3 VE > 1 (‘aj — E Entnl < - and )y - E EnYn
n=1 n=1

which shows that A(z,,yy) is 2% as a projection of a Borel set, and

(z,9) € A(@n,yn) ©

k k
I(e,) € 2V Vim 31 Yk > 1 (‘x— enn| < = and jy— Entin| < 1),
(en) ; —~ ; —~
which shows that A(z,,y,) is I} [Ké, 18.11]. The first equivalence follows
from the definition of achievement set, and the second by the injectivity of
(en) = D02 | €nYn. By the Suslin Theorem, A(z,,yy) is Borel.

By Theorem 3.5, A(zn, yn) is dense in R x A(y,,). However, every horizon-
tal section of A(xy,y,) consists of at most one point. Suppose that A(z,, yy)
is a Gs. Then it would be a comeager subset of R X A(y,), and therefore
almost all of its horizontal sections in the sense of category would be comea-
ger in R. That would be a contradiction since each of the horizontal sections
has at most one point.

Suppose that A(z,,y,) is an F, subset of R2. Then it would be a count-
able union of compact sets, and consequently its projection projy(A(zy, yn))
would be a countable union of compact sets, that is, an F, set. But
projo(A(xn, yn)) is homeomorphic to the set E from Lemma which is
not F,; a contradiction. m
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The next example is a slight modification of Example [3.3]

ExAMPLE 3.10. Let (wg,yx) = (2/3%,(=1)¥*1/k). Since the mapping
{0, 13N 5 (ex) = D32, exay is one-to-one, A(zy,yx) is the graph of a func-
tion f with domain contained in the ternary Cantor set. Moreover f maps
onto R, and its domain is an F,s which is not Gs,, by Theorem [3.9]

We can also consider whether or not in Theorem the condition that
the sum range of a conditionally convergent series is the whole space can
be replaced by the same condition for the achievement set. The following
proposition shows that in some cases we can reverse Theorem [3.5

PROPOSITION 3.11. Assume that Y .2 |z, is conditionally convergent
in R¥. If A(x,) is a dense subset of R¥, then SR(z,) = RF.

Proof. Suppose that SR(z,,) # R*. By Proposition we have Y7 |z,
= 30 T(yn, zn), where T' : R™ x RF¥=™ — R¥ is an isomorphism and
SR(yn) = R™ for some m with 1 < m < k and ) .7, z, is absolutely
convergent in R¥~™. Without loss of generality we may assume ,, = (Y, 2n).
Hence > 02 @ = > o2 1 (Yn, 2n). Thus by Theorem and compactness of
A(z,) we have A(z,) = R™ x A(z,) # RF, a contradiction. m

By Theorem and Proposition we immediately obtain the follow-
ing.

COROLLARY 3.12. Let (x,,) C R¥ be such that S50, x,, is conditionally
convergent and A(zy,) is dense in R¥. Let (y,) C R™ be such that > o0 | yn,

is absolutely convergent. Then A(y,yn) = R* x A(yy).

On the other hand, one can construct a series in the plane whose sum
range is R? but the achievement set is a dense set of measure zero.

EXAMPLE 3.13. Let > 7 (%, yn) be defined by z; = (—1)"/210k2 and
yi = (—1)/2F for i € (ng_1,nz], where ng = 0 and ngq = ng + 210*"+1,
Since Y0 (n, Yn) is alternating and (2, yn) — (0,0), the Leibniz criterion
shows that "7, (@p,yn) is convergent, and its sum equals (0, 0).

First, we will show that SR(zp,y,) = R% Let I' = {f € (R?)* :
S | f(@n,yn)| < oo} We need to prove that I' contains no nontrivial
functionals. Every f € (R?)* is of the form f(z,y) = ax + by for some
a,b € R. We have

ng 2
> lyil = (- nk—l)zik = 210" +1-k,
t=ng_1+1

ng 1
o Jwil = (- nk—l)r =

10%2
1=ng_1+1
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If a =0 and b # 0, then

Z\f Liy Yi |—Z Z ‘byz,*|b\2210k -k _ o

k=11i= N — 1+1

If a # 0 and b = 0, then

Z’fxwyz‘—z Z ]axi\:]a\22:oo
k=1

k=11i= =Nk — 1+1

2
Now let a # 0 and b # 0. For large enough k which satisfies |a|/210" % <
|b|/2, we have
a

B la
210k2 2k

— ? 210k2 — 2k+1

and the series > 22 > S b /2%+1 diverges. Consequently,

Zlf i, i \—Z Z laz; + by;| = oo

k=1i=ni_1+1

From the Steinitz Theorem we have SR(z,,y,) = R2.

Now we will show that A(zy,,y,) € (L UQ) x R, where L = {z :
Vre N 3dp,geZ (0 < |x —p/q| < 1/q")} is the set of all Liouville num-
bers on the real line. It is well-known that L has Lebesgue measure zero. Let
r € N. Suppose that (z,y) € A(xp,yn), that is, (z,y) = > oo en(Tn, Yn).
Then there exists [ € N such that |27];/[:N enyn| < 1 for every M > N > [.
There exists kg € N for which ng,_; > [, so |Z?:knk_1+1 eiyi| < 1 for every
k > kg. Note that limy_, oo % = oo and the sequence (M) is

> ko Note t gi-pz = 00 @ 10012
strictly increasing. Assume that k is the minimal natural number such that
k > ko and m(ki_lf)gl > 7. Let m > k. Since \Z?;”nm_lﬂ giyil < 1 and
lyi| = 1/2™ for i € (nm—1,nm], we obtain

Y e ¥

1€ (Mm—1,nm]N2N 1€ (Mm—1,mm]N(2N-1)

This means that the excess of ones in the sequence (€;)ic(n,,_; n.,] With odd
indices over those with even indices is less than 2™ and vice versa. ConseZ—
quently, | Y20 L ei| < 2m /210" Moreover, Y 4! gy = po/210¢ 7Y
for some py € Z. We have

o) oo Nm (o) om ] 1
‘ Z €i%; SZ’ Z il SZkamz :T;Wz_m

i=ng_1+1 m=k t=nNm—1+1 m=
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Note that
-1
210<m+1)27'm71

1 2
210(7" D —m—1
210 2 —m

910 —m

2 2 2
o +1 —_(1—-102m+1
— 910" =m—100"*tD"tm 41 _ 91—(1-10>"F1)10™ <1/2

for every m € N. Hence

o0 [e.9]

910m*—m — 910k~ 2m—k 910k —k '

Since 1+ k — 10F° < —1O(k_1)2r, we get

> 10(1@*1)2 1
‘ > Ew| <2 T TSETEI
@y
Hence
. 1
i=1 i=ng_1+1 (2 )
2
Thus |z — po/qo| < 1/q§ with g0 = 210%"Y" That means that  is either a

rational number or a Liouville number. Finally, A(z,,y,) C (LUQ) x R.
Therefore A(xy,,y,) is of measure zero.

4. Openness of achievement sets. In this section we show that for
some series on the plane its achievement set can be an open set not equal
to the whole plane or an open set with two additional points. These sets are
unbounded, since bounded achievement sets are compact.

THEOREM 4.1. Let Y 22,z = X < oo with xy, > 0 for every k € N,
and suppose that

(%) for every a € (0,2X) there exists an interval I, C A(xy) such that for
all t € 1, there exists z € A(xy) with t + z = a.

If (yx) is conditionally convergent and > 22 yr = Y then A(Ty,7p) =
(0,2X) x RU{(0,0), (2X,Y)} =: B, where Tog_1 = Tor, = x, and Yo =
Yk, Yo, = 0 for every k € N.

Proof. Observe that A(Zy,7,) C B. Indeed,

> @) ( Zfﬁk,zyk> (2X,Y) € A(Tk, Ux)
k=1 k=1

and (0,0) € A(Tk,Yy). Moreover Y o, e,@) € (0,2X) if in the sequence (eg)
there is at least one 0 and at least one 1. Hence Y oo, x(Tk, yp,) € B for
every (g1) € {0, 1},
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To prove the reverse inclusion, it is sufficient to show that for every
(a,b) € (0,2X) xR we have (a,b) € A(T, 7). Let a € (0,2X) and b € R. Let
I, € A(zy) be an interval which satisfies (x). Then by the absolute conver-
gence of Y 7% | xy, one can fix (ef,...,e¢ ) €{0, 1} for which Y2, efay €1,
for every (ef)72;. 41 € {0,1}N. The conditional convergence of > 72,
yvields b = 3272 | Sgyx for some (0) € {0, 1}, where 6 = ¢ for k < k.
Then for t = Y 72, dpxy, € I, we define z = Y 7o | 0, where (J;) € {0,1}N
is such that t + z = a. Define (1) € {0, 1} by alternating (6;) and (Jy),
more precisely Yar_1 = 05 and Yo = 0), for every k € N. Then

ka Tk, U (Z Wk,Zwyk)
(Z5kxk+z5k$k’25kyk+zék ) t—i—Z b+0) (a,b).

Finally, A(Zk,y;) = (0,2X) x RU{(0,0),(2X,Y)}. =

Now we will construct a series on the plane with an open achievement
set.

THEOREM 4.2. Let > 77, vp = X < 00 with vy > 0 for every k € N and
such that A(vg) — A(vx) = [ X, X]|. Let (wg) be a decreasing null sequence
of positive terms with Y po j wy = 00. If Typ—3 = Tag—2 = Uk, Tak—1 = Tag
= —vk and Yap—1 = Yak—3 = 0, Yap—2 = Wap—1, Yar = —way for every k € N
then A(zk,yx) = (—2X,2X) x R.

Proof. The inclusion A(zg,yr) C [-2X,2X] x R is obvious, since
S ek € [=23 00 vk, 2> ne vi] for every (gx) € {0,1}. Moreover,
the only way to obtain 2.X in the first coordinate is to sum up all z;’s which
are greater than 0, more precisely 2X = >, _pxy, where P = {k : x;, > 0}
={4n —i:n € N,ie {2,3}}. We have >, cpyp = D peny Wok—1 = OO,
Therefore A(zy,yx) N {(2X,y) : y € R} = 0. In the same way we prove
Azg,yr) N{(—2X,y) : y € R} = 0 by considering the indices N'\ P. Hence
Alag,y) C (—=2X,2X) x R.

Now we prove the reverse inclusion. Fix (a,r) € (—2X,2X) xR. Let (2)
be the subsequence of (zy) consisting of all even-numbered elements; clearly
(Zk;) = (’Ul, —V1,02, —U2, .. ) Then A(zk) = A(’Uk) - A(’Uk) = [—X, X]
Define I, = {t : —X <t < X,—-X < a—1t < X}, which is a non-
empty open interval. Then we can find a natural number N and (5;)Y_, €

{0,1}N such that Sn_ &rzk + > heni1 €2k € Io for each (ex)fe ., €
{0, 1}, One can find (03)32 .1 € {0,1}" such that SN E (=1 +

> r N1 Ok(—1)*wy = r. Denote t = SNk + > he N1 Ok2k € 1. Let
sk = Tox—1 for k € N. Since |a —t| < X, one can find (7)., € {0, 1} such
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that > 72, ks = a — t. Define ()52, € {0, 13N as follows: agp, = Zx
for k < N, agg, = 0 for k > N and agg_1 = 7 for & € N. Then
Y req an(zr, yk) = (a,7). Hence A(zy, yi) = (—2X,2X) xR. »

REMARK 4.3. Let (vg) be a sequence of positive real numbers which ful-
fills condition (x) from Theorem which in turn implies A(vg) + A(vg) =
[0,2X] (as follows immediately from Theorem [4.2)). The latter equality im-
plies that A(vg)—A(vg) = [ X, X]. To see this, assume that A(vg)+A(vg) =
[0,2X] and fix y € [-X, X]. Then y + X € [0,2X], so y+ X = s+t for
some s,t € A(vg). Hence y = s+t — X = s— (X —t) € A(vg) — A(vg). Note
also that A(vg) — A(vg) = [—X, X] implies A(vg) + A(vg) = [0,2X] provided
v > 0.

On the other hand, if vy = 2/3%, then A(vy) is the ternary Cantor set. It
is well-known that A(vx) + A(vg) = [0,2], or equivalently A(vg) — A(vg) =
[—1,1], but (vg) does not satisfy () (the Cantor set contains no interval).

EXAMPLE 4.4. Let (2, Yn)nen be
((3:1):(5:0): (3:-2): (3:0): (5:5)5 (5:0) (555 =) (55:0): )
Then by Theorem [£.1] we have A(zy,yn) = (0,2) x RU{(0,0), (2,In2)}.
EXAMPLE 4.5. If (2, Yn)nen is
((3,0), (5:1): (=5,0), (=5:=3) (5,0). (

then by Theorem [4.2| we have A(zy,yn) = (—2,2) x R.

Rell N}
Wl
S—
—
|
oo
[an}
SN—
—
|
©olIo
|
[ =
SN—
SN—

5. Achievement sets of potentially conditionally convergent se-
ries. In this section we consider the set (J,cg  A(Tq(r)) for aseries 372 xy.
If the series is absolutely convergent, then |J,cq A(zs)) = A(wg). Here
we study the situation when the series is conditionally convergent. Clearly,
only the multidimensional case is interesting.

Recall that ;7 @y, is potentially conditionally convergent if there exists
a permutation o for which "7, Ts(k) is conditionally convergent. We will
also consider the set Aaps(zr) = {Dioiertr + Dopeq erllzr] < o0, er €
{0,1} for each k € N}.

THEOREM 5.1. Let > 77, yr be an absolutely convergent series of real
numbers such that the function (ex) — > ooy €Yk, where (e) € {0, 1}, is
injective. Assume that "7 | xy is conditionally convergent on the real line.
Let Y = {72 €rlk © D pey kT is potentially conditionally convergent}.
Then:

1) Moes Al&a(r) Yok) = Aabs(Zh, yr).
(i) Uses. AZor) Yok) = (R X Y) U Aups(@k, Y )-
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Proof. (i) Let (z,y) € Aaps(zk, yr) and 0 € So. Then

x y) = ng(xkayk) = ZEU(k)(xG(k)7yU(k))u
k=1 k=1

because Y poy ekl @k, vk)l| = Yopeq ller(@k, yk)|] < oo and we know that
every absolutely convergent series is unconditionally convergent. Hence (x, y)
is in ﬂgesoo A(Ia(k)vya(k))'

Conversely, let (z,y) € Nyes.. A@o(k)s Yo(k))- Fix 0 € Soo. There are
(g), () € {0, 1} such that

y)ZZ@(fﬂj,yJ Zéfk o(k)s Yok Z%(k Lo (k) Yo (k)

where ¢ = &/ o—1(k) Since (ex) € {0,1} is injective, the sequence (yx) is
injective as well, and if y; = yy(r), then j = o(k) and ¢; = £’ (k)" Thus
Eo(k) = 5a(k)' Therefore z = 3 72, Eo(k)To(k) for any o € S, and conse-
quently >"27 | exxy, is unconditionally convergent. Without loss of generality
we may assume that ||[(z,y)]| = |z| + |y|. We have Y 37, exll(@k, k)| =
S reqek(|ze] + |yk]) < co. Hence (z, y) € Aups(Tk, yk)-

(i) “C. Let (z,y) = Ypoq ek(@o(k)> Yor)) for some (ex) € {0,1}Y and
0 € S5. We have two possibilities:

(1) If 3202 exo (k) is absolutely convergent, then
oo

Zed‘l(k)xk - Zskxa(k) -
P

and also Y 2% ) €,-1(k) Yk =D _pey EkYo (k) = Y- Hence D 72 ) €510 (T, Yr)
is absolutely convergent, so (z,y) € Aaps(Tk, Yk)-

(2) If 3202 ero(r) is conditionally convergent, then it is also potentially
conditionally convergent, so (z,y) € R x Y.

“2”. From (i) we know that
Aabs(Tk, Yr) ﬂ A(Zo(k)> Yo(k U AT ks Yo(k))s
€S0 0€S
so it is enough to show that R x Y C U,cq A(Tok), Yor))- Fix a € R
and y € Y. Then there exist (gx) € {0,1} and 0 € Sy such that y =
> et EkYo(k) and D72 ExTo (k) converge conditionally. One can rearrange

the terms of Y77 | exxo (k) so that a = Y772 | e (1) Tr(o(k))- Since Y77, yg is
absolutely convergent, we have

Z ErYr(o() = D EkYalk) = V-
k=1

Hence (a,y) S A(ﬂCT(g(k)), r(o(k)))- u
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Take any (x,, y,) which fulfills the assumptions of Theorem . By The-
orem , A(xn, yn) is dense in R X A(yy,). Sois S = Uy,cq.. ATok), Yoii))-
By Theorem the horizontal section S, equals R if y € Y it is a singleton
if z = Y32 epay is absolutely convergent; and it is empty if > 77 | epay is
not potentially conditionally convergent.

Let us finish the paper with a list of open questions:

(1) Does there exist a conditionally convergent series » 2 ; z;,, on the plane
such that A(z,,) is the graph of a function with domain being a bounded
interval?

(2) Let SR(x,) = RF. Is it true that either A(x,) = R¥ or A(z,) is of
measure zero?

(3) Lemmal[3.2implies that the achievement sets of conditionally convergent
series in finite-dimensional spaces are unbounded. On the other hand,
there is an example of a conditionally convergent series in ¢y with a
closed and bounded achievement set (Example . Obviously, such a
series can be found in every Banach space containing an isomorphic
copy of ¢g. Note that the series from Example [3.4 has an unbounded
achievement set in ¢; (and it is well-known that ¢; does not contain
a copy of ¢p). Is there a conditionally convergent series in ¢; with a
bounded and closed achievement set?

(4) Is there a conditionally convergent series in some Banach space whose
achievement set is compact?

(5) In the proof of Theorem we show that the achievement set is an-
alytic. Moreover there are analytic sets which are not Borel. Is there a
(conditionally convergent) series whose achievement set is non-Borel?

Recently, Professor Ajit Igbal Singh has informed the authors about a
series of papers devoted to ranges of vector measures (see |[LS| and references
therein). The range {u(A) : A measurable} of a purely atomic finite measure
w is the achievement set A(z,) where x,, is the measure of the nth p-atom
(by finiteness of u there are at most countably many p-atoms). Hence, there
is a strict connection between these studies and our paper (and other articles
on multidimensional achievement sets [BGl [M1] [M2]).
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